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Resumo

O Método Lattice-Boltzmann Aplicado a Bésons and

Férmions

Rodrigo Carlos Viana Coelho

Orientador: Mauro Melchiades Doria

Resumo da Dissertacao de Mestrado apresentada ao Programa de Pos-
Graduacao em Fisica do Instituto de Fisica da Universidade Federal do Rio de
Janeiro - UFRJ, como parte dos requisitos necessarios a obtencao do titulo de
Mestre em Ciéncias (Fisica).

Nos anos 80, foi desenvolvido um método numérico para a resolucao da equacao de Boltz-
mann com o termo de colisao de Bhatnagar, Gross e Krook (BGK). Este método, baseado
na discretizacao do espago de posicao e velocidade, teve grande sucesso na resolucao de
vdrios problemas de escoamento de fluidos'. Conhecido como LBM (Lattice Bolztmann
Method), o método do reticulado de Boltzmann descreve a evolug¢ao temporal de um con-
junto de distribuicoes estatisticas de particulas definidas numa rede espacial regular, na
qual cada sitio possui um numero finito de velocidades direcionadas para os sitios vizinhos.
Na simplicidade de sua dinamica e principalmente na flexibilidade para a implementacao
computacional de maneira paralela, reside a sua vantagem sobre outros métodos. O LBM
leva as equagoes hidrodinamicas do continuo na escala macroscépica, tais como as de
conservagao de massa e de momento (Navier Stokes). Nos tltimos anos tem sido feito um
grande esforco para a construcao de um LBM capaz de descrever fluidos compressiveis e

térmicos, o que acarreta também na descrigao do transporte de energia.

Wer: http://www.palabos.org/



Nesta dissertacao desenvolvo o LBM para o tratamento dos fluidos quanticos, ou seja,
aqueles tais que as distribuicoes de particulas descrevem bdsons ou férmions. Mostro
que o LBM do fluido classico térmico e compressivel, descrito pela estatistica de Maxwell-
Boltzmann, e o LBM do fluido quantico, descrito pelas estatisticas de Fermi-Dirac e Bose-
Einstein, se assentam na mesma estrutura matematica. Ambos os casos exigem a expansao
até quarta ordem das fungoes de distribuicao de equilibrio em polinomios de Hermite,
de tal forma que as equacoes hidrodinamicas possuem uma termodinamica consistente.
Desta feita obtenho as equagoes macroscopicas que descrevem o fluido quantico, isto é, a
equacao de conservagao de massa, momento (Navier-Sokes) e a equagao da conservagao da
energia. Resultam destas equagoes os coeficientes de viscosidade e condutividade térmica
conhecidos. Como aplicacao do LBM obtido, fago simulacoes numéricas para particulas
quanticas diluidas com condigoes de contorno periddicas e considero diferentes condigoes

niciais.

Key-words: LBM térmico, fluido quantico, expansao em polinomios de Hermite,

mecanica estatistica.
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Abstract

Lattice Boltzmann Method for Bosons and Fermions

Rodrigo Carlos Viana Coelho

Advisor: Mauro Melchiades Doria

Abstract da Dissertacao de Mestrado apresentada ao Programa de Pods-
Graduacao em Fisica do Instituto de Fisica da Universidade Federal do Rio de
Janeiro - UFRJ, como parte dos requisitos necessarios a obtencao do titulo de
Mestre em Ciéncias (Fisica).

In the 80s a numerical method was developed to solve the Boltzmann equation with
the BGK (Bhatnagar, Gross and Krook) collision term. This method, based on the dis-
cretization of the phase space, was very successful in solving various problems of fluid
mechanics, including problems with complex geometry, interfacial phenomena and mul-
ticomponent fluids [28]. Known as the LBM — Lattice Bolztmann Method — it describes
the evolution of a set of statistical distributions of particles defined on a regular space
lattice in which each site has a finite number of velocities directed to neighbouring sites.
The advantage over other methods lies in the simplicity of its dynamics and especially
the flexibility for implementation in parallel computing. The LBM leads to the expected
hydrodynamic equations in the continuous macroscopic scale, such as conservation of
mass and momentum (Navier Stokes). In recent years there has been a great interest in
the construction of an LBM able to describe compressible and thermal fluids, which also
carries the description of energy conservation [21].

In this thesis we develop the LBM for the treatment of quantum fluids, i.e., those

such that the statistical distribution of particles describe bosons or fermions. We show



vil

that the LBM for the thermal and compressible classical fluid, described by the Maxwell-
Boltzmann statistics, and the LBM for the quantum fluids, described by the Bose-Einstein
and Fermi-Dirac statistics, are based on the same mathematical structure. Both cases
require the expansion to fourth order of the equilibrium distribution functions in Hermite
polynomials to obtain macroscopic hydrodynamical equations consistent with thermody-
namics. Therefore we show in this thesis that only in case this expansion is carried to
fourth order the correct macroscopic equations describing the quantum fluid are obtained,
i.e., the equations for the conservation of mass, momentum (Navier-Sokes) and energy.
From these equations we retrieve the well-known coefficients of viscosity and thermal con-
ductivity. As an application, we do numerical simulations for diluted quantum particles

with periodic boundary conditions considering different initial conditions.

Keywords: Thermal LBM, quantum fluid, Hermite polynomials expansion, statistical

mechanics.
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Chapter 1

Introduction

One of the greatest achievements of the Boltzmann equation [14] is to determine the
macroscopic hydrodynamical equations of a fluid from a phase space distribution function,
f(x,,t), which describes the probability to find particles with microscopic velocity x in
position @ at time ¢. Nearly eighty years have passed since E. A. Uehling and G. E. Uh-
lenbeck [37] solved the Boltzmann equation for the quantum fluid approximately by deter-
mining the small correction to the distribution function of non-interacting particles in case
of a weak interaction. From this solution they derived the macroscopic hydrodynamical
equations through the so-called Chapman-Enskog analysis and obtained the viscosity, 7,
and the thermal conductivity, k, coefficients of the quantum fluid. The Uehling-Uhlenbeck
approach was later revisited by T. Nikuni and A. Griffin [22] who derived the macroscopic
hydrodynamic equations, and the corresponding 1 and x coefficients, of a trapped Bose
gas above the Bose-Einstein condensation with damping. C. H. Lepienski and G. M. Kre-
mer [16] also determined these coefficients in case of specific two-body potentials, namely,
Lennard-Jones and hard spheres. Recently the Boltzmann equation was found applicable
to describe the collective oscillations of the two-dimensional Fermi gas [39]. All the above
studies of the quantum fluid take the assumption of a two-body collision operator, as
in the original Bolztmann equation. A simplifying assumption for the collision operator
was introduced in the fifties by Bhatnagar-Gross-Krook (BGK) [4], who considered it just

as a simple drive to an equilibrium distribution function under a single relaxation time



7. Nevertheless only recently the Uehling-Uhlenbeck approach was applied to solve the
BGK-Boltzman equation for the quantum fluid [32,42] by J.Y. Yang et al., who derived
its n and x coefficients.

In the late eighties a numerical scheme was formulated to solve the Boltzmann equation
with the BGK collision term [19, 35, 36, 41] under the assumption of a discrete phase
space where both the microscopic velocity and the position are restricted to a discrete
set of values defined by a lattice. This method became widely known as the lattice
Boltzmann method (LBM) and is used to simulate fluids with numerous advantages, such
as easy implementation, inherent parallelization, and flexible treatment of the boundary
conditions. The position space falls on a regular lattice where each point has a discrete
set of microscopic velocity vectors that points towards a selected set of nearest nodes.
To this discrete set of directions we associate the index «, such that the microscopic
velocities become x,. The neighbor points are reached after a time At. The discreteness
and rigidity of the microscopic velocity in the LBM makes the distribution function also
become a discrete set, and instead of f(x,x,t), one has f,(x,t), fact that is of great
numerical advantage. Then the lattice BGK-Boltzmann equation is derived from the

continuous Boltzmann equation under a discretization procedure [11],

ful + XD+ DY) — fulwt) = = [fulmt) - (O], (L)

which constantly drives the non-equilibrium distribution f,(,t) to the equilibrium distri-
bution function fo((o) (x,t). Despite the tremendous success of the LBM method to describe
the mass and momentum (Navier-Stokes) equations, the inclusion of a energy equation re-
mained a challenge for sometime. The energy equation is needed to describe, for instance,
the conversion of friction due to motion into heat, that increases the fluid temperature.
This means that the transport of matter by particle diffusion is intertwined with the ad-
vected transport of enthalpy in such a way that the total energy is conserved for a closed

system. The macroscopic hydrodynamical equations of the classical thermal compressible



fluid are well-known, and can be derived from general macroscopic principles, as shown

in the book of Landau & Lifshitz [15], for instance.

Many years after the development of the Uehling-Uhlenbeck approach, H. Grad [9,18§]
devised another method to solve the continuous Boltzmann equation based on a sequence
of approximations, obtained through the expansion of the distribution function in terms
of the microscopic velocity space, expressed as a gaussian times a linear expansion in
Hermite polynomials. Grad’s approach turned to be of paramount importance for the
understanding of the properties of the LBM. For this reason the Hermite polynomial ex-
pansion method found a renewal of interest, such as in Refs. [30,31]. Despite the under-
standing brought by these references, the ingredients to describe the thermal compressible
classical fluid were still missing, since the Hermite polynomial expansion was only carried
there until third order (N = 3), which is just insufficient. It was not until recently that
the LBM for the thermal compressible fluid with a single BGK relaxation time, as de-
scribed in Eq.(1.1), was derived. Philippi et al. (Ref. [24]), Siebert et al. (Ref. [34]), and
Shan and Chen (Ref. [29]), succeeded to show that the thermal compressible properties
of the classical fluid are correctly described if the Hermite polynomial expansion is car-
ried until fourth order (N = 4). Then the Chapman-Enskog analysis [24,29, 34], applied
to the BGK-Boltzmann equation with the Maxwell-Boltzmann equilibrium distribution
function, gives the macroscopic hydrodynamical equations for the mass, momentum and

energy balance, as obtained in the book of Landau & Lifshitz [15].

This master’s thesis is organized as follows. In chapter 2, we review the classical
macroscopic hydrodynamical equations as described by Landau & Lifshitz [15] and, in
the end of this chapter, introduce the results that will be obtained by Chapman-Enskog
analysis. The chapter 3 is also a review, where we present some basic concepts necessary
to understand the LBM. There is a original content in this chapter, section 3.2, that
is the expansion of the MB distribution function by Taylor series until fourth order in

macroscopic velocity w. The chapter 4 we derive the major result of this thesis, which is



a consistent LBM for quantum fluids. We obtain the expansion in Hermite polynomials
of the BE and FD distributions until fourth order, get the correct macroscopic equations
for the quantum fluid by Chapman Enskog analysis and discuss several of their aspects,
such as the introduction of the pseudo variables and the viscosity and thermal coefficients.
In section 4.5 we obtain a no go theorem for the Hermite polynomial expansion to order
N = 3. In chapter 5, we apply the macroscopic equations for quantum fluids obtained in
the previous chapter to a few situations already known from the classical hydrodynamics.
The chapter 6 shows the numerical simulations with the dilute quantum fluid and the
classical fluid. In appendix A, we present the Hermite polynomials. Appendix B shows
that the Chapman-Enskog assumption is necessary to get the conservation laws of mass,
momentum and energy. In appendix C we see the Gauss-Hermite quadrature and some
examples of lattices in one, two and three dimensions and, finally, in appendix D, there
are some relations that are useful to perform the Chapman Enskog analysis.

There has been in the past years attempts to construct a LBM for the classical ther-
mal compressible fluid starting from ad hoc assumptions of the equilibrium distribution

function [2,6,10,25,26,41]. This approach was never attempted for the quantum fluid.



Chapter 2

Hydrodynamics and conservations
laws

In this chapter we review the macroscopic equations that govern the compressible
thermal fluid. These equations can be derived from general thermodynamic principles and
Newton’s laws applied to continuum media. Here we shall follow closely the derivation
of such equations as done by Landau and Lifshitz [15]. Newton’s laws determines the
motion of atoms and molecules, the microscopic particles that comprise the fluid, whose
average motion defines the motion of the fluid. A fundamental concept in the study of
fluids is the so-called element of a fluid or fluid particle. The element of a fluid takes an
infinitesimal volume that contains many microscopic particles, thus its size is larger than

the inter-atomic distance and yet much smaller than the macroscopic dimensions.

The fluids, unlike the solids, don’t have a well defined volume. If we put, for example,

a liquid or a gas in a container, it would acquire the shape of the recipient.

Nevertheless we define an element of fluid or fluid particle, which has an infinitesimal
volume with many microscopic particles and still is much smaller than the macroscopic
dimensions. The element of a fluid can be thought as being in the mesoscopic scale.
Once understood the concept of this element the fluid can be considered as a continuous
media. Then naturally arises two ways to study the fluid dynamics: the Lagrangian

and the Eulerian description of fluid flow. In the Lagrangian description, one seeks to



determine the individual trajectories of the elements of fluid as they move along and
together establish the macroscopic fluid flow. Thus the goal is to determine the trajectory
and velocity of enach element of fluid as a function of time. In the Eulerian description,
we fix an element in space in position x = Xz + ¥y + Zz and study the fluid moving
through this point. We shall follow here the Eulerian approach to obtain the macroscopic
equations of the compressible thermal flow.

Thus to correctly describe a moving fluid we must determine five variables in each
element of fluid, namely, the three components of the velocity (in 3-dimensional space),
v(x) and also two thermodynamic quantities that belongs to fluid among the three existing
ones, namely the pressure p(x), the density p(x), and the temperature 7'(x). This is
because we accept that these three variables satisfy a constitutive equation, for example,
the law of perfect gases, p/pT = const..

Next we seek to determine the conservations laws that are fundamental to determine
the fluid dynamics.

The conservation of matter leads to the so-called continuity equation. Given a volume
Vo in space, the total mass inside this volume (figure 2.1) is the integral of the density

times the volume,

m= | pd’r,. (2.1)
Vo

The flux of fluid that flows through an infinitesimal area fid*r, where fi is the normal

vector pointing outward the surface is pu - id*r. So, the total flux through the surface of

Vo is

év pu - Dd*r. (2.2)
0

We calculate the variation of mass in Vj in two ways: by deriving (2.1) or by (2.2).

—%/pdg’r = j{pu - d?r,

Equationg the both ways
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Figure 2.1: Volume Vj of space inside the fluid. The normal vector f points outwards

but we can use the divergence theorem to transform the surface integral

]{ pu-dd*r = | V- (pu)d’r.
8‘/() VO

Thus,
dp

/VO {§+v-(pu)} d*r = 0.

Since the integral must hold for any volume in the fluid, the equation in the brackets is
Zero

ap B
otV (pu) =0. (2.3)

This is the so-called continuity equation, which is a general statement applicable to both
ideal and viscous fluid. The discussion of the conservation of momentum and and energy

must take into account whether the fluid is ideal or not. For this reason we firstly consider

the ideal fluid.

2.1 Ideal Flows

In ideal fluids the energy does not dissipate. There is no internal friction (viscosity)

between fluid particles nor heat exchange between different parts of the fluid. The last



imposition also includes the assumption that the fluid doesn’t exchange heat with the

boundaries what means the ideal fluid must be adiabatic.

2.1.1 Euler’s equation

The total force acting in a volume of the fluid is

F:Femt—j{pﬁd%:Fext—/Vpd?’r,

where the divergence theorem was used. Force by unity of volume is f = f.,; — Vp.

Writing the second Newton’s Law for the fluid

du
— =1, — Vp. 2.4
p dt ext Vp ( )

As an example of external force, consider the gravitational interaction that is foxy =

V(pgz), where g is the local acceleration of gravity and z is the height of fluid column

du
p = V(o= pgz).

The pressure can be understood as a density of potential energy.

The treatment of the acceleration, du/dt, reveals fundamental distinctions between
the Lagrangian and Eulerian approaches to fluids. As the acceleration is also fundamental
to formulate Newton’s third law for fluids, this treatment must be carefully discussed. The

time derivative denotes a change in the velocity of a fluid while it moves in space in the

Lagrangian description. Since w[z(t),y(t), z(¢), t], this means that 4 — E + 830( ) dflStt) i
aya( o dy( ) 4 88( D) dz(t . It happens that in the Eulerian description, z, y, 2z, and u,, u, and

u, are all independent variables, and so,

du ou

o= o TV

Substituting in (2.4), we obtain the Fuler’s equation

ou 1
a + (u V) = —;Vp + feg;t. (25)



In summary, the equation of motion for fluids is a direct consequence of Newton’s Laws.
This equations was obtained by Leonhard Euler and its validity is limited to negligible
viscosity and heat conduction. If we consider the external force as being the gravity, we

have 2% + (u - V)u = —%Vp—kg.

2.1.2 Momentum flux

Newton’s law for fluids can be casted in a different way. Consider again a volume
element, which has the momentum pu. Let us calculate the time variation of momentum
in index notation

9, ,  ou 9p,;
E(pu)—p T +Eu. (2.6)

Using the continuity equation and Euler’s equation
Q. . ou 9dp ;0
E(pu) = o2k 9w %(puk)
dp 0 ik
= Tow T aF )
_@5%”6 —
oxk Oxk

and defining the momentum flux density tensor II* as
% = p6™* + pu'n® (2.8)

we have that the equation of momentum flux is

5 Pu) =57 (2.9)

2.1.3 Energy flux

The energy stored in some element of fluid fixed in space, is the sum of the kinetic

energy and internal energy, ¢,

1
§pu2 + pe, (2.10)

Consider how this stored energy varies with time,

o (1
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To calculate this time derivative, consider that,

0
a(puz) =3U +pu - —. (2.12)

N | —

Using the continuity equation and Euler’s equation, under the assumption of no external

force, foxy = 0, gives that,

| @

(pu?) = —%’u?V “(pu) —u-Vp—pu-[(u-V)ul. (2.13)

N —
Q

t

The gradient of the pressure is dealt by the first law of thermodynamics,
dw =Tds+ Vdp = Vp=pVw — pT'Vs, (2.14)

where w is the heat function per unit mass (or enthalpy per unity mass, w = ¢ + %), s is
the entropy per unity mass and V' is the volume per unity mass. Using also u-[(u-V)|u =

su - Vu?, we obtain,

1

0 (1 1
5 (§pu2) = —§u2V (pu) — pu -V (§u2 + w) + pT'u - Vs. (2.15)

The above equation is the first term of Eq.(2.11) and it remains to calculate its second
term. Using again the first law of thermodynamics and that V' = 1/p, de = T'ds — pdV =

Tds + l%dp. Notice that € + % = ¢ + pV is the heat function per unity mass,

d(pe) = edp+ pde

PP
= edp+ plds — ?dp

= (5 — ]—?> dp + pT'ds
p

= wdp+pTds. (2.16)
Thus, using continuity equation
0 dp 0s 0s
— o 4 T = — . T—. 2.1
p (pe) Wy +p oy wV - (pu) + p 5 (2.17)
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Considering a adiabatic transport, which the entropy of the volume element remains

constant while the fluid particle moves in space

ds Os
E—E—F’U,-VS—O

or, using the continuity equation

0 (ps) + V- (psu) =0

i S . S —

ot p P 5
that is the equation for entropy. Substituting (2.18) in (2.17)

0
~(pe) = —@V - (pu) — pTu - Vs,

Summing (2.15) and (2.20)

a 1 2 _ 1 2 2 1 2
pr <2pu +pe)— (211, +w)V (pu’) — pu V(2u +w

we finally obtain
o (1 B 1,
g (3 o) =9 (4 ) |

The vector pu (%'LLQ + w) is called the energy flux density.

2.2 Equations of motion of a viscous fluid

(2.18)

(2.19)

(2.20)

(2.21)

Fluids are distinct from solids in their resistance to tangential stress. A solid submitted

to tangential stress will deform until creates internal stress that balances the external

force and remains in equilibrium. If the force is not too large, the solid returns to its

initial shape. When we apply tangential stress to a fluid, it flows and the deformation is

permanent. With a small force is possible to cause a large deformation in a fluid if we

spend enough time. The real fluids offers some resistance to slip adjacent layers due to

the exchange of momentum between the layers and that resistance measure the viscosity.

Thus in a viscous fluid, there is friction between adjacent fluid layers and part of the

kinetic energy is transformed into thermal energy. This effect cause the thermodynamic

irreversibility of the process which is a consequence of the second law of thermodynamics.
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2.2.1 Equation of momentum

The basic assumption to derive the equation of momentum flux for viscuous fluids is
that the equation (2.9) still holds. Nevertheless to, account for the irreversibility, we have
to add the new term —o'*, called wviscosity stress tensor, to the momentum flux density

tensor, which becomes,
1% = po™* + pu'uf — o'* = —o™* + puu”, (2.22)
where the stress tensor has been defined as,
o® = —po* 4 o'k (2.23)

Based on the assumption that the viscosity stress tensor is a sole function of the velocity

and only first order derivatives are significant, its general form must be,

, out  our 2, o0u _ou!
ik I R N s 2.24
7 1 (&rk "o T3 &vl) ¢ oz’ (224)

where ¢ and 7 are known as the volumetric and dynamic viscosities and are non-negative

quantities. Summing do’* /0z* to the right hand of Euler’s equation

) (8ui ) aui) _ Op  Odo*

ot "W ank) T o T oak

or, using the continuity equation,

d(pu’) 0 ik i, k riky
BT —l—@(]ﬁ + pu'u® — o"*%) = 0. (2.25)

This is the general form of the equation of motion for the viscous fluid. In general, ( and
1 depend on the temperature and the pressure, thus they are position dependent. Thus,
they can’t be taken outside the derivative. Next we derive the well-known Navier-Stokes

equation for incompressible fluids which assumes that ¢ and n are constants:

rik 2, k 9 52 2.1
oo _n(aau ou 0*u ) C(?u (2.26)

oxk xkOxk + Oxidz* 3 0xi0x! oxioxl
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The equation of motion becomes,

az’ ai a aZz‘ a2kz
p( wL u): P, u +<C+Q> u (2.27)

ot " oxk) T ox 1 oxhoxk 3/ Ozt
since the fluid is incompressible, V - u = 0, and the last term vanishes

o’ o ou' _ 10p i 0*u’
ot oxk — poxi  poxkoxk’

(2.28)
This is the Navier-Stokes equation for incompressible fluids.

2.2.2 Equation of heat transfer

The study of ideal fluids is the search for mathematical solutions of the continu-
ity equation (Eq.(2.3)), the Euler’s equation (Eq.(2.5)) and the conservation of entropy
(Eq.(2.18)). They form a complete system of five equations and there are five quantities
to determine, the density, the three velocity components and one thermodynamical po-
tential such as the internal energy, since the other ones must be related to this one for
an adiabatic flow. For the study of viscous fluids the continuity equation still holds, the
Euler’s equation is replaced by the Navier-Stokes equation (Eq.(2.25)), and now we can
no longer seek the conservation of entropy because the process is irreversible. So we must

find another equation to treat the energy, that goes beyond Eq.(2.21):

o (1 B 1,
i (g 4e) =9 o (3o =)

As the conservation of energy must still hold in the general case, the only difference is
that it must allow for the conversion of mechanical motion into heat, which is also a form
of energy. Nevertheless we shall not deal with situation that energy evades away from the
system, through other processes not described here, such as the emission of radiation. For
such reasons we add irreversibility into the system simply by adding extra terms to the
divergence. The term w-o’, that is, u’c’* in index notation, to account for the convection

(with macroscopic transport of fluid) and the term responsible for the conduction of heat

(without transport of mass), —kVT, that is present even if the fluid is at rest. The
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constant x is known as the thermal conductivity. This constant too is assumed positive
and can depend on the temperature and the pressure. So, the general equation of energy

conservation is

0 (1 1
e (gpu2 + pe) =-V- {pu (§u2 + w> —u-o' — IiVT:| . (2.29)
This equations does not treat the heat flux by others sources, as irradiation, but we can

add a new term ¢ inside the brackets to account the irradiation. Thus we have also

reached five equations to govern the viscous fluid, which is also compressible and thermal.

2.2.3 Overview of macroscopic equations

We establish contact between the above macroscopic hydrodynamical equations and
those derived from the Boltzmann equation by firstly casting equations (2.3), (2.25) and
(2.29) in a more general form, that will be valid in arbitrary D dimensions for the quantum

case [42], which is discussed in chapter 4:

Op  O(pu') _
ot N ort % (2:30)
9 o9\ . o .
T LY Lpii
p( t+u 8$j> u + 8:ij 0, and (2.31)
o (D o (D . 1 /0ut  ouw\ .. 0@
R 2 Z o z s
g (2 ,09) + 5 (2 pOu ) + 5 <8mj + Qxi) PY + 5 0. (2.32)

These equations are expressed in terms of the stress tensor, P¥, and the heat flux vector,
Q' that acquire different form, depending whether the quantum or classical fluid is being
treated. From the macroscopic thermodynamical derivation of the present chapter, these

tensors are,

P = pf§ — o, (2.33)

and

00

Q' = —Ro (2.34)
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where, for D dimensions,

iy : J L Oul - Oul
Ol]:n(au +(9u _351J8u>—|—<_5z]8—u (235)

dxi ' dx' D Ol ot
We shall derive in the this thesis the macroscopic hydrodynamical equations, Eqgs.(2.30),
(2.31) and (2.32), so far obtained by general macroscopic principles, from the Boltzmann
equation. For the classical fluid this results from an Hermite polynomial expansion of the
Maxwell-Boltzmann equilibrium distribution function carried until N = 4 order [24,29,34],
and the subsequent Chapman-Enskog analysis applied to the BGK-Boltzmann equation.
However the coefficients acquire special features, such as the viscosity stress tensor has a

null volumetric viscosity (¢ = 0), and the dynamic viscosity is given by,

At

n = por (1 - ;) : (2.36)

and the thermal conductivity by,

o (222 e (120, o

such that x/n = (D + 2)/2. Notice that these coefficients are local because of their 6
and p dependence. The pressure is p = p#, the internal energy is, ¢ = D#/2, such that
the enthalpy becomes ; @w = (D + 2)8/2. The constant 7 is a novel physical constant,
introduced by the BGK-Boltzmann equation and is a characteristic relaxation time of the
system. The constant At is a mathematical constant associated to a time step used in
the procedure to solve the Boltzmann equation. For the connection to the macroscopic

equation the ratio At/7 < 1, and so, can be safely ignored.
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Chapter 3

The Lattice Boltzmann Method

3.1 Boltzmann Equation

In this chapter we review the derivation of the Boltzmann equation from basic prob-
abilistic concepts. We derive it in the continuum phase space and also in a discretized
one, used to construct the LBM. This chapter also has an original content in the sense
that we unveil the mathematical framework that makes possible the construction of the
thermal compressible LBM in this discrete phase space.

Consider a monoatomic classical gas of N particles within a volume V at a temperature
T in phase space, described by position space, x, and the microscopic velocity space, x.
We introduce the distribution function, f(x,x,t) such that f(x, x,t)d*zd*x is the number
of particles, at time t, in some particular phase space volume, with spatial coordinates and
microscopic velocities ranging from x to x+dx and x to x +dx, respectively. In case that
there is a weak interaction among the particles this function is the Mazwell-Boltzmann

distribution
D
m 2 mx—vxt))?
e 2kpT(xt) 3.1
2kpT(x, t)} (3:1)

PO 0 = ol |
where kp is the Boltzmann’s constant, D is the number of spatial dimensions and the
index (@ says that we are considering the distribution function as being at equilibrium.

We allow the gas density of the ideal gas, p(x), the macroscopic velocity, v(x), and the

temperature T'(x) to be local quantities in position space but not in the microscopic
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velocity space. Notice that there is no explicit, and only implicit, dependence of the
equilibrium distribution function on x. In fact, these quantities correspond to the first
three moments of the above local Maxwell-Boltzmann distribution function obtained by

integration over the microscopic velocity x:

o) = [ X 1O0cp.T.0) (3.2)
v(x) = @ / X xfO (x. p. T, v). (3.3)
and
D 1 L1 2 o
a0 =~ / aPx g [x — o) FO 0 p. o). (3.4)

From the point of view of the individual particles one expects that a single particle in
(x,x) at time ¢ moves to (x + xAt, x + (F/m)At) at time ¢t + At in phase space, where
m is the mass of the particle. We shall take units of m = 1 such that the presence of an
external force F becomes acceleration and assume that it is able to change the microscopic
velocity x. We expect this property to be present in the distribution function in phase
space, which should be the same at time ¢t + At and time ¢ in the absence of collisions
between particles. But if we consider collisions the distribution functions must change

and satisfy the following relation,

f(x+ xAt, x + FAt, t + At) = f(x,x,t) + (%) At, (3.5)
coll

we can expand the left hand side in Taylor series until first order in At

of of of . 2 _ of
Flex 1) + 5 At + 25 At+aXiF At +O[(A)T = flxx:t) + | 5 COHAt,
So
of of ;, of i (90f
ot X Toat T (&s)wu‘ (36)

This is the celebrated Boltzmann equation in its general form [27]. The terms on the left

hand side are the drift terms, and, on the right hand side, we have the collision operator,
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where are all information about atomic aspects of scattering process. It is remarkable
that from such straightforward statistical concepts, Boltzmann was able to obtained a

simple equation which leads to the macroscopic equations of hydrodynamics.

3.1.1 Collision operator for binary collisions

In this section we determine the collision term of Eq.(3.6) under some assumptions [14]:
(i) a dilute gas, such that only binary collisions are taken into account; (ii) the force
between any two particles is much larger than the external force; (iii) the velocities of any
two particles at any time and their respective coordinates are not correlated, and (iv) the
distribution function can only vary over a distance comparable to the mean free path®.

In figure 3.1, we see two rigid spheres of radius a/2 colliding elastically with each
other, where b is the impact parameter and 6 is the scattering angle. The velocities of the
particles before the collision are x; and x2, so that the relative velocity is x = x2 — X1,

and, due to conservation of momentum

@ el
7

Figure 3.1: Schematic representation of the collision, with impact parameter b and scat-
tering angle 0, between two rigid spheres of diameter a.

X2 + X1 = X5+ X7, (3.7)
being x and X, the velocities after collision. From conservation of energy

2 _ 712 712

"= x| + x4l (3.8)
IThe mean free path is the average distance travelled by a moving particle between two successive col-

lisions with other moving particles. See hitp://hyperphysics.phy-astr.gsu.edu/hbase/kinetic/menfre.html

for instance.

Ixzl” + |x1
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Thus, we obtain
X2 —xal =[xz — X4l (3:9)
that is, the modulus of relative velocity before (x) and after (x’) impact is the same (all

particles have the same mass). We may write a collision term for a dilute gas and binary

collision as

of B |
<§)wu At = (R; — R)At, (3.10)

where R;d3xd®>yAt is the number of collisions that occur in the interval At so that one
of initial particles is inside the element volume in phase space d*xzd*x and Rpd*zd®y At
is the number o collisions between t and ¢ + At in a way that one of the final particles is
within the volume element dzd®y. The distribution function is independent of position
since the system is uniform. The elementary volume of the collision cylinder is given by

(xAt)(db)(bdg) and we can determine b < a so as the collision occur. By the figure 3.1,

. (m—10 b a . 0
sm( 5 )_5 = db——551n§d0, (3.11)

so, the elementary volume becomes
1, . 6 0 1, .
bAtxdbdo = 5@ xsin 5 cos §d9d¢At = 4@ xsin OdOdoAt (3.12)

Thus

RlAtd?)Xl = /

X2

2
a
/ [’Xz - X1|ZdQAt f(X1> X2>t)d3X1d3X2 (3-13)
Q

where d2 = sin0dfd¢ and f(x1, X2, t)d>x1d>x1d>x2d>xs is the number of pair of parti-
cles, at time t, with coordinates in phase space inside d®y;d3z; and yod3zs respectively.

According to molecular chaos hypothesis

f(x1,x2:t) = f(x1.t) f(x2:t). (3.14)

The Eq.(3.13) now is

RZ‘Atd3X1 = /

1
1202 [ e xalfafie dfudhe (319
Q X2
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The equation for R; can be obtained considering the reverse collision (x%;x5) = (X1;X2)-

Analogously

RfAtdgxl = /

1
B0y A A C A IO SO ST
X2

using Eq.(3.9) and that d®>x;d>x. = d®>x|d®x, we finally write the collision term

9 1
(£>m” - /Q Za2dQ 2 xalx2 — xal(fifs = fifa), (3.17)

where f; = (x1,%), fi = (x1/,t) and so on. The Boltzmann equation stays [27]

0 .o, o,
(a +Xlaxi +F18Xi) f(x,x,t) = /QU(Q)CZQ/X2 Exalx2 — xal(fifs = f1f2) (3.18)

with o(€2) being a velocity-independent cross section. We can recover the Maxwell-

Boltzmann distribution (Eq.(3.1)) by setting null the collision operator in Eq.(3.17) [14].

3.1.2 The BGK collision operator

In this section we discuss another collision operator for Eq.(3.6), which is simpler than
the binary one. The Eq.(3.17) is a tricky form of the collision operator because it involves
a product of two distribution and the Boltzmann equation becomes a complicated integro-
differential equation for determining the non-equilibrium distribution. We show that this
simpler collision term is able to preserves the basic physical properties of Eq.(3.17), i.e.,

conservation of mass, momentum and energy. This is the so-called BGK operator

AN
(E>wll o ‘ (319)

T

where 7 is the relazation time, and f(© is the equilibrium distribution, that for classical
case reduces to Eq.(3.1). This operator was first proposed by Bhatnagar, Gross, and Krook
in 1954 and it assumes that the rate at which f returns to the equilibrium distribution
© due to scattering is proportional to the deviation of f from f®. Thus, the Boltzmann

equation with BGK collision operator (from now on we will call it BGK-Boltzmann) is,

9, ;0 i 0 A A
(§+X8xi+F8_><i)f(x’X’t)__ — (3.20)
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This equation is much more easier to treat than Eq.(3.18).

Previously we have shown how to derive the continuous Boltzmann equation (Eq.
(3.20)) from the discrete form (Eq.(3.5)). Here we show that this can be done in the
reverse way and derive the discrete Boltzmann equation from the continuum one [11].

The BGK-Boltzmann equation without external force can be expressed as,

of 1

tl Vf=——(f-rfO 3.21
XV === (f = ), (3:21)
where 7* is the dimensional relaxation time due to collision. This equation (3.21) can be

rewritten using the convective derivative d/dt = 0/0t + x - V, that is

df 1 1 )
— 4+ —f = —7f"Y, 3.22
dt + T*f T*f ( )

This equation can be integrated over a time step of At giving
L e A £ (0) / NS, —At
fl@+xAl x t+Al) = —e™ e [N x4+ xt', x, t+1)dt" +e™ f(z, x,1). (3.23)
0

If we assume that At is sufficiently small and f© is smooth enough, the following expan-

sion can be made

FOx + xt', x, t + ')
!

' t
_ _ Y\ ro R 2
(1 At) 9z, x, t) + Atf (x + xAt, x,t + At) + O[(At)]

for 0 < ' < At. Neglecting terms of order O[(At)?], Eq.(3.23) stay

At

f(iB + XAt7X>t+ At) - f(m7Xat) = (6_7—7 - 1)[f($7X7t) - f(O)(maX7t)]

+ [1 + e - 1)] [FO(x+xAt X, t + At) — fO(x, x, 1)].

Expanding e~ 21— 2! and defining 7 = 7* /At we finally have

f(.’.U + XAtv X7t+ At) - f(CU, th) = _%[f(wa X7t) - f(O)(wv th)}v (324)

where 7 is a dimensionless relaxation time. Therefore, we made the discretization of time
that is represented by the above equation. This is the lattice Boltzmann equation, that
is a finite-difference form of the continuous Boltzmann equation. This equation simply

stems by taking that df /dt = [f(x + xAt, x, t + At) — f(z, x,t)] /At
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3.1.3 The Chapman-Enskog assumption

In this section we review the so-called Chapman-Enskog assumption which are of
fundamental assumptions for the Boltzmann equation theory. Their motivation leads to
the derivation of the macroscopic hydrodynamical equations from the Boltzmann equation
(see appendix B). Thus thanks to them the mesoscopic world, described by the Boltzmann
equation, is linked to the macroscopic world of the hydrodynamical equations.

Basically they correspond to the assumption that the first three macroscopic moments,
i.e., the mass density p, the macroscopic velocity v and the energy density ¢ = %kBT(X)
can be either computed from the known equilibrium distribution function £ or from the

non-equilibrium distribution function f, which satisfies the Boltzmann equation:

pz/deXZ/f(O)de, (3.25)

pU = /deDX = /xf(o)de,and (3.26)
pe = %/(x — )’ fd"x = %/(X —v)?fVd"x. (3.27)

In more general grounds the Chapman-Enskog assumption can be casted as,
/w(x)f(w, X, t)d"x = /zb(x)f(o) (@, x, 1)d"x, (3.28)
where 1(x) is a linear combination of collisional invariants, that is, conserved quantities
v(x)=A+B-x+Cx-x, (3.29)

with A and C being arbitrary scalar constants and B being an arbitrary constant vector.

3.2 Taylor expansion of the Maxwell-Boltzmann dis-
tribution function

In this section we show a remarkable property of the taylor expanded Maxwell-
Boltzmann distribution. The three free parameters of the full Maxwell-Boltzmann dis-

tribution, namely, the density, macroscopic velocity and temperature, are also present in
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the taylor expanded version. Remarkably for the taylor expanded distribution function
these three parameters remain as its three first moments, fact that is known to be true
for the full Maxwell-Boltzmann distribution. This is the feature that opens the gate for
the construction of the LBM, as seen here for the thermal compressible fluid.

Firstly we introduce dimensionless units based on a reference temperature 7)., not

present in the original Maxwell-Boltzmann distribution, that also defines a reference ve-

locity:
kgT,
¢ =) 2L, (3.30)
m
Then there is dimensionless temperature,
T
0= — 3.31
- (331)

£ = K, and u = 2. (3.32)
Cr Cr
Thus the Maxwell-Boltzmann equilibrium distribution in reduced units becomes,
NS e
o L _(E—Q‘U»)
f&)=p (%9) e ™, (3.33)
whose first three moments are, analogously to the equations (3.25), (3.26) and (3.27),
pa) = [dere). (334
@ = o [ dP€f(©), and (3.35)
u(r) = — , and, .
p(x)
D 1 1
() = — [dPE (€~ 2 3.36
S =~ [ e Sl —u@) e (3.36)

and the relation between the dimensionless and dimensional Maxwell-Boltzmann distri-

bution functions are, respectively, f(&) «> f(x)c?.
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The reference temperature and the macroscopic velocity are the parameters that set
the Taylor expansion. This means that the macroscopic velocity is small as compared to
¢, and the temperature deviates very little from 7,.. Therefore u(x) and 6(x)—1 are small
quantities no matter the point in space, fact that justifies a series expansion in powers of
these quantities. Next we have to define a single small parameter € to carry on the Taylor
expansion as we shall take the expansion until order €2. The square of the macroscopic
velocity and the temperature deviation will be considered of the same order: |u(x)| ~ /€
and 0(x)—1 ~ e. At this stage such choices seem rather arbitrary, but in the next chapter
the Hermite polynomial expansion will bring understanding to them.

We have obtained a Taylor expansion of the Maxwell Boltzmann equilibrium distribu-

tion function (Eq.(3.33)) in powers of T'(x)/T, — 1 and v(x)/c, up to the desired order

of €2
- u? 1 ) 1 5
o= po@f1 4wt g€ wf =0 50— )€ - D)+ (€ w)
—§u2<s-u>+%(9—1><s-u><52—z>—2>+§<s-u>4+§u4
(P (0 - D)€ W€~ D -4+ (D+2 - )]
+é(9 —1)? [54 —2(D +2)& + D(D + 2)} + O(e 5/2)} (3.37)

where we have used the gaussian function

W(€) = —— exp (—’5;2). (3.38)
(2m)z 2
Remarkably, the three local parameters p, 6, and u, contained in f, are also its first three
moments.
plx) = /dDﬁf(ﬁ,p, 0,u), (3.39)
u(a) = / 176 £7(€,p,0,u), and, (3.40)

u(z))”

% E=u@ Fe p.o,w). (3.41)
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The parameters p, 6, and u are also the moments of the taylor expanded distribution
function, thus keeping a property of the full Maxwell-Boltzmann distribution function.
We shall see in the next chapter that this property stems from a mathematical structure
anchored in the Hermite polynomials. Nevertheless to understand this property here it

suffices to consider Eq.(A.16), given in appendix (A).

Next we taylor expand the full Maxwell-Boltzmann distribution function to obtain
Eq.(3.37). A few remarks are worth of notice. The only scalars available are € - w and u?.
The microscopic velocity £ has no € order assigned to it. In practice it can only take small
values because of the gaussian decay. Therefore according to the set expansion criterion
the only terms to be kept are those proportional to 1, & - u, u?, (€ - u)?, u?, (£ - u)?u,
(& - wu?, (§-u)’, ul, (§-u)u? (§-u)', (0-1), (0-1)& - u, (0—1)u?, (0-1)(§ - u)?,
and (0 — 1)2. Firstly consider small deviations of T}, namely, § = 1+ (6 — 1) up to order

¢? in the denominator of Eq.(3.33):

P R R LT
PSP 1 0—1)+ (0 —1)°+O(e). (3.42)

The exponential also has a 8 dependent denominator that must be expanded resulting in

three different terms, which must be treated separately according to e.

(-5

- exp{—w [1_(9—1)+(e—1)2+0(e3)}}
ol (§ew ) ol (§-e3)o]
exp {— (§—§.u+"§) (9—1)2} (3.43)

In the first exponential we factorize the gaussian function exp (—62 / 2), because of its

zeroth € order. Next we select for the three exponentials only those terms of order equal
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or lower than €?. The first exponential becomes

2 2
o (€ eur )] mon(€) hrea s heour
5 L 1&-u)u i(& cu)t 4 0(e?). (3.44)

The second one,

2
exp {_ (% _tu+t “’;) = 1)} (3.45)
2 4
— 1+ <%_E'u+u72) (9—1)+%(9—1)2+0(€5/2)’
and the third,
o[- (§-eur D)0 =1-Se-vrroen.  a)

The product of Egs.(3.42) and (3.43), together with the expansions of Eq.(3.44), (3.45),
(3.46), gives that

2

fo= pl) [1—9(0—1)+——(9—1)2—0(e3)] ireu—

(€ w4 o (€ - w)'

4
—0(65/2)] : {1 + <52 £-ut “;) O—1)+

> - (6 —1)2+ 0] -

2
-[1 - %(9 124 0(65/2)] (3.47)

Finally we expand Eq.(3.47) and hold terms up to order €2, by multiplying the e
expansions of the three exponentials of the numerator with that of the denominator to

obtain Eq.(3.37).

3.3 The discretization of the microscopic velocity

A very old problem in Mathematics is to calculate the integral of a function, [ g(x)dz,

in case it is not possible to perform the integration directly. Hence a general scheme



27

must be devised to obtain the integral of a general function g(x) through other ways.
Many formulas were developed for this purpose in the past, such as those of the kind,
[ g(z)dx = Zﬁlg(xi)wi [1]. The integral is obtained just by sum of the function at
N points z;, times fixed weights w; which are independent of the function g(z) under
consideration. This method was developed to approximately calculate areas and volumes.
The method became known as the method of gaussian quadrature [3]2.

Gaussian quadrature is of fundamental relevance for a discrete treatment of the Boltz-
mann equation. The continuous microscopic velocity space of section 3.1.3 is made discrete
by this approach. We are interested in integrating the gaussian function of Eq.(3.38) times
a polynomial function. Then by the above method a integral in continuous velocity space

is transformed ezactly into a sum over discrete microscopic velocities [24], yq,

/ w)R(X)dx = wah(Xa) (3.48)

where h(x) is a polynomial of x, takes over a discrete set of values, and w(x) is a
Gaussian weight function (see Eq.(3.38)). It remains to know the appropriate weights wy,.

Thus, the equations (3.25), (3.26) and (3.27) become

p=> fa=> O (3.49)

P =3 Xafo=) Xafl, and (3.50)
pe= 5 S (X~ 0 = 5 D (e — 0 AL (351)

Notice that f, has the unit of fd”y.

The microscopic velocities are reduced to a set of discrete moduli and directions (see
figure 3.2). This velocity set lives in the discretized position space which consists on a
regular array of square (two-dimensions) and cubic (three-dimensions) cells. Given any

point in position space, associated to it is the velocity set, which interconnects this point

http:/ /en.wikipedia.org/wiki/Gaussian_quadrature
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Figure 3.2: Tlustration of the continuum an discrete phase space. The discrete phase space
is represented here by the D2V9 lattice.

to a selected set of nearest neighbor points. Therefore there is the position space regular, a
lattice with an infinite number of points. There is also the discrete velocity lattice, formed
by the a finite set of vectors, whose properties are best described through a example, as

discussed below. These lattice vectors have to obey the following rules listed below [38]:

> w, =1 (3.52)

D wall, =0 (3.53)

> wabah =Y (3.54)

Y walEEk =0 (3.55)

> waglglekel, = 69 (3.56)

Y walElgteler =0 (3.57)

Y waEiELienen = s, (3.58)

giizizinif M is even

11 12 ¢-13 M
P { 0 if M is odd (3.59)
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The 6 tensors are constructed recursively from the Kronecker’s symbol: 6% =1 for i = j

and 0 for ¢ # j. In case of four indices,
ikl = giighl | sikgil o sil i (3.60)
The sixth order tensor is,
§iikimn — gij gkimn._y sik silmn | sil skimn | gim gjkin | gin gikim (3.61)
The eight order is,

(5ijklmnpq = 5ij§klmnpq + 6ik6jlmnpq 4 6iléjkmnpq 4

+5im5jklnpq + 5in5jklmpq + 5ip5jklmnq + 5iq5jklmnp7 (362)

and so forth.

The next goal is to determine the set of weights, w,, and microscopic velocity com-
ponents, £ that satisfy the above relations. Then an important aspect is the number of
relations that must be satisfied, in other words, the value of M that must be taken. There
is a criterion for this, based on the demand that the taylor expanded Maxwell-Boltzmann
distribution upholds the property that its three free parameters are also the first three
moments. For instance the construction of the non-thermal LBM done in the eighties only
required M = 5, but for the thermal case this number must be higher, namely, M = 9.
In appendix C, we see some examples of lattices and their respective number M. The
lattices are named with the special notation DdVq, where d is the dimensions of space
we are treating and q is the number of lattice vectors. These lattice vectors have to obey

some rules so as it has a sufficiently isotropic behavior.

3.3.1 The D2V9 lattice

To illustrate the previously discussed rules for the construction of a discrete set of

velocities, we study the example of the D2V9 lattice, which requires the use of the relations
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of Egs.(3.52)-(3.57) up to M = 5. Therefore this lattice can be used for the construction

of a non-thermal LBM, but not for the thermal one.

Figure 3.3 shows a scheme of the D2V9 lattice and its discrete set of microscopical
velocities £,. Here we introduce another demand, we would like to have one particular
vector, say that along the x-axis, to have unit length, (1,0). However we do not know if
such condition is in conflict with equations (3.52)-(3.57). These equations surely allow for
the choice of (¢, 0), where ¢, is an arbitrary constant. This is equivalent to the definition
of the new set xo = €nc, that obeys equations (3.52)-(3.57) provided that the following
substitution is taken, £, — Xq and §ii2i-iv s M ghizis-in - Concerning the D2V9
lattice we find that the following set is possible: xo = (0,0), x1 = (1,0), x2 = (0,1),
xs = (=1,0), xa = (0,-1), x5 = (1, 1), x6 = (=1, 1), x7 = (=1, —1), xs = (1, —1). Now
we will use equations (3.52), (3.54), and (3.56) to find the weights w, and the constant

¢, for the D2V9 lattice.

It follows that weights of velocity vectors with the same moduli are equal.

&6 &2 &s

s (%) £

L Z, s

Figure 3.3: The D2V9 lattice with indication of discrete velocity.
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wy for a=0
Wy =4 w, for a=1,2,3,4 (3.63)
w; for a=5,6,7,8
Using Eq.(3.52),
8
Zwa =1= wy + 4wy + 4w, = 1. (3.64)

a=0
From Eq.(3.54)
8
> waxhxd, = ¢26".
a=0

In two dimensions, we can have i = x or y and j = z or y, but if z # y we obtain a trivial
result. We also have that, due to space isotropy, the directions x and y are equivalent.

So we calculate the above sum for i = j =«

wo(x§)? + wi(x])? + w2 (x5)* + w3 (x5)* + wa(xF)?
+ws(xE)? + we(xg)? + wr(xE)? + ws(xg)* = ¢
= 2w, + dw; = 2. (3.65)

And from Eq.(3.56)
8
D waXiXhXEXL = (876 + 56T 4 51 5F). (3.66)
a=0

The only two cases that give relevant equations is when all the directions are the same
i = j = k = [ or when they are equal in pairs, for example i = j # k = [. For the first

case, with all components in x direction

wo(xg)* + wi(x})* +wa(xs)" + ws(xs)* + walxi)*

+ws(xE)! 4 we(x§)! + wr(x§)! + ws(x§)* = 3¢,
= 2w, + 4w; = 3¢, (3.67)
and for the second case, with (i =j=2) # (k=1=1y)

wo(x§)2(x0)” + wi(xT)*(XY)? + w2 (x3)*(x5)* + ws(x5)*(x%)” + wa(x$)* (x4)?

+ws(x5)*(X8)? + we(xg)* (x8)* + wr(x5)*(x3)” + ws (x§)*(x§)* = ¢
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= 4w, = c} (3.68)

Therefore we have a system of four equations:

wo + 4dws + 4w, = 1

2w, + dw; =
2w, + 4w, = 3¢} (3.69)
dwy = c
which has the solution
4 1 1 1
— — s = -, — ot = ——= 370
Wo 97 w 9 wyq 36 & \/g ( )

Therefore we have determined all the weights, w,, and the reference velocity, c,, of the
D2V9 lattice, that are summarized in table C.2. This reference velocity ¢, is just a
number contrary to that one defined in Eq.(3.30), which is a dimensional physical velocity.
Yet they both have the same application since they define the speed of sound both in
dimensional and dimensionless units. ¢, acquires a different value for each lattice.

Once in power of the weights, one can proceed to calculate the macroscopic quantities
in equations (3.49), (3.50) and (3.51) with the distribution function calculated in section

3.2 but now with a well defined set of velocities vectors x.

a’ 1 (Xa - u)’ ’ Xa® 1 (Xa - uw)?
0 — R I I (/N | TE ST ) Wi
I pwa{ + . + 2 @ + 5( ) 2 )+ 3
1 2 (Xa u) 1 (Xa u) Xa2 1 (Xa : u)2 2 1 4
- ~0-1 Xe p_9)_ = -
2" Ccr * 2(9 ) Cr ( c? ) 4 2 wr el
1 (Xoc u>4 1 (Xa ) u>2 Xa2 2 Xa2
= - —1[ —D—4 D 2———]
+24 ct 4(9 ) c? ( c? JTui(D+ c? )
1 2 Xo' Xao’
50— 17X — 2D+ 225+ DD+ 2)] (3.71)

To construct a LBM computational code able to treat the thermal compressible fluid
through a BGK-Boltzmann equation, one must use lattices that satisfy at least the M =7
level conditions. This is the case of the D2V17 lattice. The D2V37 lattice, treated by

Siebert et. al [33], satisfies the M = 9 relations and also can be used to study the thermal
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compressible flow. In appendix C we see in more details the properties of such lattices as
well as other one, two and three dimensional lattices. The corresponding sets of discrete

velocities, weights and reduced velocity are given there.

3.4 The lattice Boltzmann method

In this section we provide a description of the numerical algorithm associated to the
lattice Boltzmann method for computational purposes. Position space is made of a regular
lattice such that to each of its points there is an associated local distribution function
fa(x,t). Knowledge of these functions determines the macroscopic quantities in position
space.

We conveniently write the discrete Boltzmann equation (3.24) in two steps,

2 4+ A8 = (1) = Ll 0) — S0, 0) (372)

folx + Ea ALt + At) = f2%(x,t + At) (3.73)

by introducing a auziliary distribution function f2%*(x,t). These two steps can be inter-
preted as collision and streaming of fictitious particles, respectively.

The basic algorithm can be summarized as follows® [19, 36]:
a) Initial conditions: The macroscopic variables p, w and @ are initialized to given
values in f3)(z,1).
b) Collision: The Eq.(3.72) describes how the distribution function changes at each
node, as if it had undergone a collision.
c) Streaming: The Eq.(3.73) gives the evolution of the distribution function for a time

step At, as if it had undergone a propagation.

So, in the streaming step we move the direction-specific function f, to the nearest

neighbor lattice nodes, as shown in figure 3.4.

3See http://en.wikipedia.org/wiki/Lattice_ Boltzmann_methods and http://www.cims.nyu. edu/~billbao /report930. pdf
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Figure 3.4: lustration for streaming step for D2V9 lattice.

d) Macroscopic quantities: Using equations (3.39), (3.40) and (3.41) and the weights

of the lattice we can calculate the moments

P= fa (3.74)

u = %Zajﬁafa, and (3.75)
Dy % S (€n —w) (3.76)

e) Equilibrium function: Once in power of these three moments, we go introduce
them in the equilibrium distribution function of Eq.(3.71), thanks to the fact that the
Chapman-Enskog relations hold.

f) Repeat from b to e for each step time until you want.

The steps from b to e can be cyclically permuted.

3.5 Macroscopic equations

The lattice Boltzmann method, using the distribution function in Eq.(3.71) together
with the relations (3.52)-(3.59) provides a consistent scheme to describe the thermal com-
pressible fluid. Its time evolution updates the local temperature, 6, density p, and macro-

scopic velocity u. The question addressed here is what are macroscopic hydrodynamical
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equations satisfied by these variables. A few years ago Siebert and collaborators [34]
showed that they are exactly those of Landau & Lifshtz’s book, obtained by general
principles of mechanics and thermodynamics and previously described in chapter 2.

We will obtain in the next chapter the macroscopic hydrodynamical equations from the
Boltzmann equations for the case of the quantum fluid, whose classical limit corresponds

to the present situation.
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Chapter 4

The quantum fluid

In this chapter we derive the major result of this thesis, which is a consistent LBM
for quantum fluids. The LBM was formulated in the eighties originally to describe non-
thermal classical fluids, and shown to be a second order Hermite expansion of the distri-
bution function. It took nearly twenty five years to show here that quantum fluids can be
treated similarly, namely, by a fourth order expansion instead. Siebert et al. has shown
in 2007 that the classical thermal fluid also requires the fourth order expansion [34].

Therefore our first goal is to perform the Hermite polynomial expansion of the BE and
FD equilibrium distribution functions to fourth order. Next we obtain the macroscopic
hydrodynamical equations for the quantum fluid in terms of the temperature @, the ve-
locity u’, and the chemical potential p [32], as a result of the Chapman-Enskog analysis
done in the BGK-Boltzmann equation. Instead of the chemical potential, the fugacity

can be used, being defined as,

Sl

(4.1)

N
Il
Q

We notice that the hydrodynamical equations were derived for the BE-FD statistics
long ago by E. A. Uheling and G. E. Uhlenbeck [37]. They started from the Boltzmann
equation with a binary collision operator while here the starting point is the BGK collision
operator, which, as a matter of fact, was only proposed decades after (fifties) the E. A.

Uheling and G. E. Uhlenbeck study (thirties). we are not aware of any attempt to solve
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the macroscopic hydrodynamical equations of E. A. Uheling and G. E. Uhlenbeck. These
authors hoped that their viscosity and heat conductivity coefficients, obtained from the
Boltzmann equation with quantum statistics, would provide a “test of the existence of
Einstein-Bose statistics in real gases, as is required by theory”. It seems to be also true
that such macroscopic hydrodynamical equations were never applied to the treatment
of electrons in metals, which are known to satisfy the BGK-Boltzmann equation with
quantum statistics, according to Sommerfeld’s theory [20]. The electrons inside a metal
behave nearly as T = 0 fermions, as the ratio between room temperature (nearly three
hundred Kelvin) and the Fermi surface temperature (nearly ten thousand Kelvin) is very
small. Thus after eighty years of the E. A. Uheling and G. E. Uhlenbeck, we propose here
a numerical method to describe Bose-Einstein condensate (BEC) and electrons in metals
as fluids, similarly to liquids.

A remarkable feature of the macroscopic hydrodynamical equations of the quantum
fluids is their similarity to the classical ones, provided that some auxiliary variables are

introduced, starting with the pseudo-temperature defined below

_ gp z
g g5 ), (4.2)
9n(2)
where,
(2) = 1 /°° 2 tdx (43)
=)= L(v)J, zleex1 '

is the Fermi-Dirac integral (up sign, +) or the Bose-Einstein integral (down sign, —) [23].
This mapping of the quantum into the classical fluid is only spoiled by a term present
in the pseudo heat flux vector, as shown below. Without the presence of this term the
quantum fluid could be fully mapped into the classical fluid.

The quantum fluids becomes the classical one in the limit that BE and FD statistics

become the MB statistics. In this limit z7'e® & 1 ~ z~'e”, thus the term 41 becomes
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irrelevant in the denominator. Since

F(V):/ e "z’ ! du,
0

one obtains that g,(z) ~ z for the MB limit. Thus we conclude that in the classical
limit the pseudo-temperature is the temperature itself. The BE-FD density is not an
independent parameter, as in the MB case, but a function of the the temperature 6 and
the fugacity z,

D

p= (27r9)7g%(z). (4.4)

Based on the above definitions of p and # we introduce the pseudo viscosity stress tensor

for null volumetric viscosity, ¢ = 0,

out o 2 _.ou
= 2 g
" ((%Uj T o D(S axl> ’ (4:5)

o

which depends on the pseudo dynamic viscosity defined as,

0= plr (1 - ?—Tt) : (4.6)

We also define the pseudo thermal conductivity,
D+2 - A
R= —+p97' (1 — —t) . (4.7)

Their ratio is constant, =/7 = (D + 2)/2, meaning that, like in the MB case, thermal and
mechanical transfers are done by the same distribution and at the same rate, as there
is only one BGK time relaxation parameter. We find others pseudo-variables during the

chapter.

4.1 Expansion of the quantum equilibrium distribu-
tion functions by Hermite polynomials to N=4
order

In this section we derive the equilibrium distribution functions of quantum fluids by

a Hermite polynomial expansion to N = 4 order. Consider the BE and FD distribution
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functions, given by,
1

FPx) = (4.8)

(x—v)’m
exp[ kT kpT

which depend on the microscopic velocity x and other three locally defined quantities,

]11’

namely, the temperature T'(x), the macroscopic velocity v(x) and the chemical potential
W ().

Similarly to the last chapter here we also introduce dimensionless quantities, based on
a reference temperature 7,., and a reference velocity:

KT,
¢ = : (4.9)

m

both not present in the original BE-FD equilibrium distribution functions. Then the

dimensionless temperature is

T
0= T (4.10)
and the microscopic and macroscopic dimensionless velocities are defined as
&= K, and u =2 (4.11)
Cr Cr
The dimensionless chemical potential is,
W
= Tl (4.12)
and the fugacity can be expressed in two ways,
z = e’“;IT = eb. (4.13)
The BE-FD function expressed in terms of dimensionless parameters becomes,
FO(€) = 1 (1.14)

2~ Lexp [%] +1
The first three moments of the BE-FD function, obtained by integrating over the micro-

scopic velocity x, give that,

n(@)=m (5m)” / dx fO(x), (4.15)
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o(@) = = [ xx V0. and (4.16)
ShoT(@) = = [ x5 = v(@) 1) (117)

We define the pseudo temperature T because the third moment is the internal energy,
e = DkgT/2, and in the classical case we know that T = T'. Notice that the density n has
the dimension of a D dimensional space density, as expected, namely, of mass/(length)?,
because mv/2nh has the dimension of length™. Thus through the following constant,

which has the dimension of density,

mc7">D (4.18)

o =M (27rh

By taking averages over the quantum equilibrium distribution function we obtain the di-

mensionless density p of Eq.(4.4), the macroscopic velocity u, and the pseudo-temperature

6 of Eq.(4.2):
pla) =" = [ o), (4.19)
wle) — [ aPe €O (e) an
@)= [ "¢ €0, (4.20)
Doy = 1 [ are Lie — wian? 1o
Si@) = o [ a5l —u@) 1O, (4.21)

The explicit calculation of these moments are done below.
The decomposition of the BE-FD equilibrium distribution function f© of Eq.(4.14)

means to write it in powers of Hermite polynomials (see appendix A):

(e 9]

FO €)= w(8) D qa = () H = (). (422)

N=0
Notice that this decomposition splits the dependence on the variables since the dimension-

less microscopic velocity now falls entirely into the Hermite polynomials. The coefficients
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of this expansion carry all the information about the local macroscopic fields. For this rea-
son the following notation is employed, a™ 2~ () = a™ 2+~ [z(x), u(x),0(x)]. Applying
the orthonormality of the Hermite polynomials, Eq.(A.3), one obtains an expression for
the coefficients:

(@) = [ O, g (€)%, (423
Notice that the BE-FD function is even in the difference between the macroscopic and the
microscopic velocities, fO(x, & — u) = fO(x,u — &), a helpful property to compute the
coefficients of Eq.(4.23). Then the coefficient associated to any odd Hermite polynomial
vanishes since [ dP¢ f(& — u)H"~2041(€ —u) = 0. A discussion of such properties is
done in the appendix A. We introduce the variable n = £ — w and write the BE-FD

2
distribution function as f(n) =1/ (z’legfe + 1) to express the coefficients as,

Coefficient N=0

To obtain the lowest Hermite coefficient we integrate in D dimensions

HdP
o= [ 221 (4.25)
zless +1
In D dimensions, the D-spherical coordinates are of the form!
Y1 =T Cos ¢y (4.26)
Yo = T SIN ¢ COS Py (4.27)
Y3 = 7 sin ¢y sin ¢ cos ¢3 (4.28)
Yp_1 = rsing...sin gp_s coS Pp_q (4.29)
Yp = rsingy...singp_ssin ¢pp_1 (4.30)

1See http://en.wikipedia.org/wiki/N-sphere for instance.
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dPy = P71 sin? =2 ¢ sin? 73 ... sin pp_o dr dy dpy ...ddp_+ (4.31)

So the coefficient becomes

HdD o] D—ld
a= [ — 1 :01/ S (4.32)
0

n2 72 ’
z7le2s £+ 1 z7le2s £+ 1

where (' is the angular integral, given by

2T ™ ™
C, = / / / sin? 2 ¢y sin? " ¢...sin pp_y doy dpy...dpp_1.  (4.33)
¢p-1=0 J¢p_2=0 1=0

But the volume of a n-sphere of radius r is

Dz
Vi =57, 4.34
D<T) T ( % I 1) r ( )
and the volume of the spherical shell (volume element) is

D
2

Dr

D, __
e

rP=1dr. (4.35)

Making the angular integration in Eq.(4.31) we obtain CyrP~ldr, that is exactly the

volume of spherical shell in Eq.(4.35). So (1 is

Dr%
Ci=—F———, 4.36
CTE) (430
making the substitution z = n?/20, the differential stay dn = @az’l/ 2dx
20)% (D
a= cl( 2)2 r (5) go(2) = (27?)%9%9%(,2) = (4.37)

since we have the property of gamma functions I'(¢ 4+ 1) = ¢I'(¢). This coefficient is the
density itself, a = p = [ dP€ fO(¢), as given by Eq.(4.4).

Coefficient N=1
To obtain this coefficient take Eq.(A.20) such that,
o = [ 1O @y

- / FOn) [Hi(n) + Hu'] dPn = ' / FO(m)d"n
— u'p (4.38)
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as the first integral vanishes because it is odd. Using analogous arguments, we find the

next coefficients.

Coefficient N=2
One gets from Eq.(A.21) that,
a’ = / fO M HY(€)dPn (4.39)
= /f(o)(n) [HY(n) +u'H (n) +’ H'(n) + u'v/ H] d”n
/ FO(m)HY (m)d"n + pu'r’. (4.40)

The terms proportional to u’ vanish because of the odd integrals and it remains to cal-

culate the integrals below.

c 5” 92+1(Z) ..
(0) ? ]dD — (0) 2dD — 0 2 51,‘]' 441
[ 10wt = 5 [ 10wy e (1.41)
The other integral to compute is,
/f(o)(n)HJ('n)dD'n = pd" (0 ) 1) : (4.42)

Introducing the pseudo temperature of Eq.(4.2), the second order coefficient becomes,
a? =p[67(6—1) +ul]. (4.43)
Hereafter we directly use Eq.(4.2) to shorten the notation.

Coefficient N=3

One gets from Eq.(A.22) that,
aijk — /f(O Hzgk ’l7
= [ 1) [ )+ o F ) T H )+ )
+u'v! H* () + v'v*H’ (n) + Wu* H'(n) + v'v/u"H] d°n
= p[(W'd* +uI6™ + u*67)0 + wulu"] .

(4.44)
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Terms proportional to u'u’ vanish because they are proportional to integrals over a Her-

mite polynomial of odd order.

Coefficient N=4

One gets from Eq.(A.23) that,

o = [ 1O €
= [ ) [ )+ E ) 0 H )+ o
Ful HYM () + u'e? HY () + w'u B () + w'u' HYM () + uu' HY ()
+ulu H*(n) + w/u* H (n) + vl u* H (n) + v'v/u H*(n)
+u/ P H () + w'u ' H (n) + '/’ H] dPn. (4.45)
Because of the odd integrals the terms proportional to w/ and w'u/u* do not contribute,

and so,

ikt /f n) H*(n)dPn
—|—uu]/f YH (9)dPn + u'u /f YH (1)dPn
+uu/f n)H*(n 'r;—l—uu/f n)HY (n)d"n
-y / PO )dn + i [ FO ) )i
+pu'uu (4.46)

Defining the first integral as,

Il = /f Hz]kl ) D,'7
= /n’n]n ' fO(n)d 77—5’“/ninjf(°)(n)an—5j’/77i77’“f(°)(n)d’3n
— 67" / n'n' fO(m)dPn — 5" / 7 fO(n)dPn — 5™ / ' fO(n)d"n

5 / o O () dPn + psn. (4.47)
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Then use Eq.(4.41) and calling the first integral as I,

L =1+ p(1—20) 67", (4.48)
where,
(2%}
L= / MdD (4.49)
~legs + 1

Since the distribution function is even, the product n'n/n*n' must be even too, so as we
have a nonzero I,. Therefore, we have two possibilities: all indexes are equal (i = j =

k =1) or they are equal in pairs (i = j # k =1).
Case 1: All indexes are equal

As our problem is symmetrical in D-space, we can choose one direction that the result

would be the same for the other directions. Choosing the first coordinate, in Eq.(4.26):

=1 =n"=n"=ncos¢

12(1) = / / / / nP- 2¢ sin?~ 3¢2...sin2¢p,3sin¢D,2
¢p-1=0Jpp_o= 0 2 1=

°° cos
dp1des ... dpp—1 / ?7—¢1 b= 1d77
0 zless + 1

e D+3d
- af L (4.50)
0 zlew +1

where the index 1 in [ (1)

/ / / / n?” 2¢1COS ¢1sm Sy .. .sin” Pp_zsindp_s
op-1=0Jop 1m0 o Jorzo”

dbydbs ... dop_1. (4.51)

indicates that we re considering the case 1 and

Solving the integral in ¢, separately

3
D +2

sin? =t ¢ cos® ¢y |™
D+2

/ sin? 2 ¢y cos? prdoy =
0

s
/ sin” =2 ¢, cos® ¢1déy,
0

where was used the following relation

i+l m—1
. sin""ucos™ tu m—1 ) _
sin” u cos™ udu = + sin u cos™? u du, (4.52)
n+m n-+m
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the first term is zero due to integration limits. Using (4.52) again

o 3 sinP ' cosoy | 3 T Do
/o i gy cost drdgy = D+2 ? ” 0 D(D+2)/o i gy
3 T Do
- — doq. 4.
D(D+2)/0 Sl ¢1dy (4.53)

Substituting in (4.51)

B 3 2m g s ™ Do b3 oy .
C, = m /qu-l:O /qu_2:0 o /¢2 /¢1:0 sin @1 sin ¢o...sin" ¢pp_38inPp_o
dprdgs . ..dop_2ddp_1, (4.54)

the integral is exactly the same as the definition of C} in eq. (4.33). Using (4.36) and the

property of gamma functions I'(z + 1) = 2I'(2)

C 3+ (4.55)
2T or(242) '

Returning to eq. (4.50), we have

IV = 32%20) % g0, (2) (4.56)
. D D
Introducing p = (2%)797g§(z)
92+2(Z)

IV = 3p0222 . 4.57
2 g% (2) ( )

Case 2: The indexes are equal in pairs

As before we choose any two directions because all of then are equivalent. Lets use

(4.26) and (4.27) so that n’ = 1/ = ncos¢; and n* = n' = nsin ¢, cos ¢,

5 2T T T T
12( ) = / / - / / sin? 2 ¢y sin? 3 ¢ . . .sin% pp_ssin pp_o
¢p-1=0 J¢p_2=0 2 1=0

> nt cos? ¢y sin? ¢y cos? ponPld
d¢1 d¢2 e dqu—l / n ¢1 ¢n12 ¢277 77
0 zle2s £1

o) D+3d
- af (4.58)
0 zleww +1




A7

where

27 m s i
Cy = / / o / / sin? ¢y cos? ¢y sin” 3 ¢y cos? ¢y . . . sin? ¢p_3sin pp_o
¢p-_1=0J¢pp_2=0 ¢2 JPp1=0
dprdes . ..dop_odpp_;. (4.59)

Solving first the integral for ¢y,

™ :D+1 ™ T
/0 sin® 01 cos® prdpy = S Dgil ;OS o1 ) + D12 /0 sin? O1dpq
1 T D_l/W-D—2
= ——=|-= — d
D+2{ DS ¢10+ D/, sin” " * ¢1dey
D—1 T Do
= — sin do;. 4.60
I've used (4.52) and the following relation
1 —1
/sin" wdu = —= sin" " ucosu + - /sin”_2 udu. (4.61)
n n
And the integral for ¢, is
s D2 s 1 T
s ncost uden = S22 D [ g,
1 ™
= 57 /0 sin? 72 godps. (4.62)

Putting (4.60) and (4.62) in Eq. (4.59)

1 27 T T m
C; = —/ / / / sin? 2 D1 sin?~3 ¢2...sin2 Op_3sinpp_o
n(n+2) Jop_=0Jopo=0  Jo» Jor=o
dpydoy ... dopp_oddp_;

- T (4.63)

Therefore

2 D+4 g%+2<z)

@ _ T2 Dy4 _ P2
[2 - T(2ﬂ-) 2 g%—i—?(z)_pe g%(z) .

(4.64)

Comparing (4.57) and (4.64) see that 12(1) = 3[2(2). So, we can summarize

PN DN S5 ) gp (z) N
I = / T gy = pp2 T ik (4.65)
zless + 1 9§(2>
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Substituting I, in (4.48)

B 59 +2(Z) B 2+1(z) ikl
ILi=p|6 2() 20 () + 1] 69", (4.66)

We stress that only the N = 4 coefficient contains contributions proportional to #?. Thus

an expansion of the BE-FD function limited to the N = 3 coefficient has the temperature
only inside the pseudo temperature. At this point we introduce the notation defined in

Eq.(4.142) which brings the function g(z) of Eq.(4.76) into the N = 4 coefficient,
=p(Pg(z) — 20 + 1) 6% (4.67)
Finally, we obtain that the fourth coefficient,
ait = p (§2g(z) — 20+ 1) SR 4 pf (uiujékl + u' b ol + il 6%
+uru' 67 + w6 + w6t + putulutidl. (4.68)

In power of the four Hermite coefficients we write their contractions to the Hermite

polynomials themselves,

aH =p (4.69)
= p(€ - u) (4.70)
aHY = p[(6 1) (6"~ D) + (6 - w)* — u’] (4.71)

a*HYE = p{(€-u)®—3uP(€-u)+ (0-1)

[3(6 - w)&® —3(¢ - w)D - 6(¢ - u)]} (4.72)

aMHM = p{[0%g(z) — 20 + 1]
(3¢ — 6D&> —12¢° + 3D+ 6D) +6(6 — 1)
€ u? (€ -D-9)+u*(D+2-¢)]
+[(€-uw) —6(€ - u)*u’ 4 3u']}. (4.73)
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From Eqs.(4.22) and (A.2), one obtains that,

- 1 .. . 1 .. - 1 .. -
fO(x, &) = w(€) (aH +a'H' + a7 HY + 5aW’fHW’f + anklﬂ”“) : (4.74)

Therefore the BE-FD function expanded in Hermite polynomials until the fourth order

is,

FO.) = w<s>p{1+<s-u> (1 5u) + € (5

1) s L wr - Lt Lty Ly
4u>+6(£ u) U+ QU +24(£ u)

+(6-1)- B<£2—D>+§<§-u><s2—D—2>

FEwAE - D)4 qu(D +2- )

+

ol = x|

[0%g(2) — 20+ 1] [€* + (D +2)(D — 252)]}, (4.75)

where the definition of p, #, and g(2), are given in Eqs.(4.4), (4.2) and
9o (2) - 901,(2)
5
(92:1()

respectively. In the section 3.2 we Taylor expanded the MB distribution function thus

g(z) = (4.76)

providing an independent check that BE-FD and MB coincide in the limit that g,(z) — z.

Analogously to Eq.3.71, the equilibrium distribution function in discrete space is

O = wap{l Flew (1 g0t ) 4 6w + (62 (5 - o) - 3

Ly !
_u JR—
8 24

(& u)t+(0-1)-
+Z<€a-u)2<€i —D—4)+ iuQ(D +2-— &i)} + é [62g(2) — 26 + 1]
€0 + (D +2)(D ~ 253)]}- (4.77)

Thus the continuum and discrete distribution functions basically differ by the replacement

of the gaussian function w(€) by the weights w,.
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4.2 Multi-scale expansion

In this section we perform the Chapman-Enskog analysis of the N = 4 order BGK-
Boltzmann theory and obtain the macroscopic hydrodynamical equations. The local
density, macroscopic velocity and energy are obtained at any time and at any grid point

through the definitions:

p(il?,t) = Zfoz(wvt> (478)

1

u(x,t) = Efa(x,t 4.79
(@01) = sy L €l (4.79)

D - _ 1 [€a - ’u’(w)]Q
@) =2 g o Jal@,1). (4.80)

The last expression truly defines  and can be expressed as,

T N By

0@ 1) + Ju(x 1) = e 20; 3 fal,1). (4.81)

The Chapman-Enskog relations (see Eqgs.(3.25), (3.26) and (3.27)) must hold to assure

the macroscopic thermodynamic equations [35,41]:

> fa=d [0 (4.82)
Y fuba = [P (4.83)

S f&l=> Ve (4.84)

These equations imply that p = > féo), pu =73 gfo(éo)’ and Dpf/2+pu?/2 =Y Eiféo)/z

67

The quantities p, u, and 6, obtained from Eqs.(4.78), (4.79) and (4.80), respectively, must

be fed back into fo(lo), which, by its turn, sets the evolution to a new f,(x,t), according
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to Eq.(3.72). Next we seek a formal solution of the distribution f, in terms of FO o
obtain this solution two key ingredients must be considered. Firstly we Taylor expand f,

until second order in the time step:

falx + EQAL t + At) = fo(x,t) + At {gl ™

2 2 2 2
VO e g Py o P

Ofa 3]%}

+¢&, (4.85)

2 ot? *0x' 0z “oxiot
Then the discrete Boltzmann equation, Eq.(3.24), becomes in this approximation,

; O fa

i82fa
0 gring T2

*oxiot

+ &8

Ofs  0fa  At[0*fa
e Tor [aﬁ

a@xi 8t 2 :| = _% (fa — fo(10)) : (486)

Secondly we introduce the Chapman-Enskog expansion, which means to expand the dis-
tribution function in terms of a parameter € that represents the Knudsen’s number (ratio

between the mean free path and a representative physical length scale)
fo=fO +ef) +Ef2 + (4.87)

Notice that because of the Chapman-Enskog relations, Eqs.(4.82), (4.83) and (4.84), the

e dependent terms must satisfy the following relations:

Y =3 P=0 (4.88)

d e V=Y €19 =o, (4.89)
Yo=Y €&rP=o. (4.90)
The parameter € also sets the scale for the derivatives of time and space that are expanded
in Eq.(4.87):
0 0 5 0
= — 4.91
ot~ ‘on, " ony (4.91)
0 0

- = €—. (4.92)
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We stress for later purposes that the cross time and position derivative is given by,

o 0 , 0 0
_ 29 4.93
i or =€ t, Ozt (4.93)
to the studied order €2. Applying (4.87), (4.91) and (4.92) in (4.86),
o or] 2 g2 fé L) A2 —5@ g O
Qfl 8751 8151 8?52 2 8752 ox axl
o2 f0 1
Atel =2 W 224 ) 4.94
MG e =l ) (194
Next we collect the terms of same order, and the first order terms give that,
af(o) af(o)
— - A ) 4.95
For second order one obtains that,
1 9 él) (gl) 9 (gO) At 02 £ 92 92 £ (0)
Y LA AL 24 : —51 & f A (4.96)
T ox! oty Oty 2 oty Ortot,
We derive Eq.(4.95) with respect to ¢; and z} to find that Eq.(4.96) becomes,
1 0/ ofs | sof]
_ 2@ = | R — 4.97
Tfa atQ + 8151 + ga a$’1 ( )

In summary we found a solution for the discrete Boltzmann (Eq.(4.86)), which is
the distribution f,, given by Eq.(4.87), as a function of féo) and its derivatives through
Eqgs.(4.95) and (4.97). It remains to reconstruct the time and the position, which are
defined by Eqs.(4.91) and (4.92). This will be done separately for the mass, momentum

and energy.

4.2.1 Conservation of mass

To obtain the continuity equation, one must sum over all directions « in Eq.(4.95),

0 0 ,
D DE D DL DEcS (198)
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Recall the definitions of p, u, Eqs.(4.78) and (4.79), and the Chapman-Enskog relations
of Eqs.(4.82) and (4.83):

dp 0 .
_r : N = 0. 4.
o, + o (pu') =0 (4.99)

This is not yet the continuity equation as the time derivative is over t; instead of ¢. To

fix it, sum over « in Eq.(4.97):

1 0 At
_ E 2 - Z E (0) _ =
T 4= Ja Ots ~ Joao + <1 27’)

The above equation is no more than,

9 4y af‘(‘.l) . (4.100)
8251 o @ o @ 6x11

o _

= 0. 4.101
pradall (4.101)

To reconstruct the time and space derivative, take Eqs.(4.91) and (4.92) applied to the

density, respectively,

O _ o0 00 0p

— 2 - 4.102
ot~ ‘ot ' C oty on (4.102)
ap dp

- = = 4.103
ox? Eé?:vll ( )

Then the quantum continuity equation,

dp ,
— -(pu') =0 4.104
o = (pu') =0, (1104

is obtained. Remember that the quantum density is defined as in Eq.(4.4)

4.2.2 Conservation of momentum

The derivation of the conservation of momentum equation follows similar steps, which

means that Eqgs.(4.95) and (4.97) are multiplied by ¢, and next summed over a.
_ lzg £ izéi G izg O (4.105)
Using the Chapman-Enskog relation of Eq.(4.83), it follows that,

) | ) .
o S G+ — SO =o. (4.106)
« 1
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Next from Eq.(4.97) one obtains that,

1 — 0 i ARG Z. T
s = g e+ (157 g DA+ S aa o

We apply Eq.(4.89) twice in the above equation to obtain that,

0 .
g D S+ ( - —) 5 Zé S (4.108)

Next consider the construction e times Eq.(4.106) plus €* times Eq.(4.108):

<€a—tl+€a—t2)25f +€—Z€€j
At 9 i
+€ (1—§> @%:ga 7 = . (4.109)

We use Eqs.(4.79), (4.83) and introduce Eq.(4.95) into the above equation to write it

solely in terms of moments of fo(éo):

0 0 i 0 i j At
(ea_tl e 8_152> (pu’) + 6_j Zgagngo(zm <1 — —> o - 83:’“ ;g 51 f(O)

— 7€ (1 At) 5 O Zg ¢ FO — (4.110)

The true time and position derivatives are given by Eqs.(4.91), (4.92) and (4.93), and the

above equation acquires the form,

o, 0 . At 0 0 At\ 0 0 ;.
— (ot S ijk _ T =
8t(pu )+ i (1 ) 927 Bk T (1 ) 5 5" 0, (4.111)

by definition of 797 = 3" gggg;féo), Tk =5 gg{g{iféo). We call it the master equation

for the conservation of momentum. To determine the tensors 7% and 7" in terms of the
macroscopic quantities one must introduce féo) given by Eq.(4.77).

To accomplish such task one must invoke some relations calculated in appendix D.
These are Eqgs.(D.1), (D.2), (D.3), (D.4) and (D.5) to calculate 7% and Eqs.(D.6), (D.7)

and (D.8) to derive %, After some algebra we find that,
7™ = p (067 + u'n) (4.112)

Wijk - [9_ (ukdlj + ujéik + ulé]k) + uiujuk] )
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Substituting these results in Eq.(4.111), we find that the equation for the momentum

conservation is,

d i 0 7 cij i g At i i
7 () 5 [p 00 4 uw)) =7 (1= 52 )« 5 (o 6 (b0 4w
+uf5jk)+uiujuk}}_7(1 At) 00 [ (8% + )] =0 (4.113)

Notice that in the above equation the temperature is only present through the pseudo
temperature. The last step is to replace the cross derivative term 9% /0tdx* by a positional
derivative term, 0%/0x'0x? . This task is carried in the section 4.2.4 and leads to the

momentum equation of Eq.(4.134).

4.2.3 Conservation of energy

The derivation of the conservation of energy equation also follows from Egs.(4.95) and
(4.97), but in this case multiplied by 52 instead, and summed over a.
(0)

——Zf g —Zeeaf“ Zﬁa o (4.114)

The Chapman-Enskog relation of Eq.(4.84) renders the left side of the above equation

equal to zero, and so,

0 Ng2 ), 9 25 £(0)
— — =0. 4.115
A ;safa o ;safafa (4.115)
Similarly Eq.(4.97) leads to the following equation.
ISt pee L O Neo (AN 9 N e
ngafa - atQ;ﬁafa + 1 27_ at ggafa
+ (1 - —) 50 25 & fl (4.116)

The Chapman-Enskog relation of Eq.(4.84) renders two terms null, including the left side.

) AL\ 8 .
o 2 Sals + (1 — ;) S & =0 (4.117)
« 1 o
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To get the time and the position derivatives consider Eqs.(4.91) and (4.92), and so, take

Eq.(4.115) times € plus Eq. (4.117) times €.
0 20 2 40), . O 2 ¢j ¢(0)
(5 DI g D€

At\ 0 -
2 _ =) 2 2¢5 p(1)
+€ (1 27_) v Ea .6 1. 0. (4.118)
6—8 +ef— E g2 o) —i—e—a E £2¢1 £ 0)
atl atQ - ad ax{ - a>d>xJ
At 0 0O ,
—7e? i R 2¢7 £(0)
Te (1 27) le p ga £ 1 0. (4.119)

0 o At 0 0 At\ 0 0
—p+—¢ -7 (1l —— | ———= -7 [1 - =) —=¢ =
) (1 27) Ozd Ox* (1 27) OxJ Ot 0 (4.120)

This is the master equation for the conservation of energy. We define ¢ = €a2f(§0)/2,
P=> £a2§g'¥fc(,0)/2 and ¢/F =3 Eazfgfﬁféo)/Q and use Eq.(4.93). Tt is straightforward
to calculate ¢, ¢ and ¢/* from the expressions developed in the appendix D. Then one

determines these tensors in terms of the macroscopic quantities contained in fé ), given

by Eq.(4.77).
b= %pua n gpg (4.121)
¢ = g [W/u® + 6 (D +2) ] (4.122)
Hk = g [w’uw/u? + 0 (D + 4) wu” + 6u’6’* + 60°g(z) (D + 2) &7*] . (4.123)

Notice that among the above three tensors only ¢/* contains an explicit quadratic term

in the temperature, which leads to the presence of the g(z) function in Eq.(4.76). Thus
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the energy equation cannot be purely expressed in terms of p, w and . I write it with
a g(z) — 1 term intentionally in its right side. The left side corresponds to the classical

(MB) case, replacing 6 by 6,

O (L + L08) + 2 [ (B + LoD+ 2)) o]

2 OxJ 2
At 0 0 [p 45 i 4
- (1 ) dad Ok [ 'y

+g§(D + Ayt + Béuzéjk + géZ(D + 2)5]*3]

(1 - ﬁ) %% (But+ 20D +2)) |
(2 e -]

(4.124)

Similarly to the momentum case, the cross derivative term 0?/0t0z* is replaced by a

positional derivative term, 9*/9z'0z7, in the next section, and this leads to Eq.(4.140).

4.2.4 The position and time cross derivative terms of the mo-
mentum and energy conservation equations

In this section we seek replacement of the a - 8t terms contained in Egs. (4.113) and
(4.124) by position derivatives. The key to this step is to consider that terms proportional
to the square of the collision time 7, namely, proportional to [7(1—At/27)]?, are neglected.
Thus it consider the above equations in the limit 7 — 0 and At/7 fixed. Setting 7 = 0 in

Eqgs. (4.113) and (4.124) gives that,

% (pu’) + ; (p80" + pu'n’) =0, (4.125)
% (p 2 'ODQ) + 3% [(” 2+ 20D+ 2)) ul] =0. (4.126)

The momentum conservation equation

Introducing the continuity equation (4.104) into Eq. (4.125) gives,

ou’ 0 ou’
- 1] J
"5 +8xj (p057) + pu’ oo

= 0. (4.127)
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We will develop some identities from Eqs.(4.104) and, (4.127).

0, o ,0p jou?
a“’“)—“ 5 T

B 0, v 0
= —wo (o)) = 20l (p637) — ! o (pu?)

oxi ox’
0 -0 _
= —5. — (putu?) — 2ujﬁ(p9). (4.128)

Introducing Eq.(4.128) into Eq.(4.126) gives the identity,

O (8D — 2002 (08) + 2 [06(D + 2] = 0,

ot OxJ oxl
that can be expressed as,
0 0 _ou?
5 (pID) = ~ 0 - (pfDu’) — 2;)0a - (4.129)
Starting from,
Ou’ ;O0u
Py —(pu'n?) = u'n? 8? + pu’ (;jf + pu’ (;; (4.130)

and using the continuity equation, and Eq.(4.127), yields that,

o .. 0 L0 9, .0 -
i, .j J k J J ot
5 (Pu'?) = = o (pu) — uh o (' )p — W o (pf) — ' o (ph)
;0

) o 0 , =
= —w(puzu]uk) aﬂ (,09) — o <p9) ) (4.131)

Thus the temporal evolution,

2 _ouF .
Dp9 5%

P N
— (p067 + pu't?) = —— (pOu*) 67 — I

ot oxk
0 P 0, - 0
—%(/m wur) — u]% (pf) — o' py (p9) ,

is to be fed into Eq.(4.111) to allow for the substitution of the position and time cross

derivative term:

9 o 9 i
2 _oub . o, _ .0 _
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Finally we are able to write the addition of two terms proportional to 7 in Eq. (4.113)

in terms of the derivative of the viscosity stress tensor (Eq.(4.5)) by means of Eq.(4.132).

9 0 G s i ik g i 0 0 ASij o o
aﬂaxk[(ukéj—l—u]ék—i-uéjk)@—l—puuj ]+8_§[ p (067 + u'u?)]

o 0 , . o 9 . . 9 (2 du
= oo os P F g P0) ~ 5 (5/}9@)

0,0 1 9,0 .
—J{gywﬁgﬁ@aﬂw]

_ (2 SO0 (2 o
N oxJ oxt Dp oxk

o’ aui 2 Ouk
= 0 - — — o . 4.133
dxi [ <8$Z+8xﬂ D Oz* )} ( )
Substituting this result in Eq.(4.113), we obtain the momentum conservation equation,
o, 0 C o5
5P+ 55 [0 (067 +u'?)] — 57 = (4.134)

also known as Quantum Navier-Stokes equation [42].

The energy conservation equation

Some identities are obtained here, similarly to the momentum equation case. From

Eqgs.(4.127) and (4.129), it follows that,

% (D +2)pf’] = (D + 2)uj§ (pf) + (D + 2)p9%

o , = . 2 8

Using the continuity equation (Eq.(2.3)) and Eq.(4.127), one obtains that,

op . ou? , K
- Faidu? 2w ook
A oW TP ey

9 | 9 9
=~ (P wle?) — o (pf) w? = 2w o (pB) (4.136)

uwu?) =

Eqgs.(4.135) and (4.136) allows to write the time dependent term of the position-time cross

derivative in Eq. (4.124) as

32 [pu*e’ + pb(D + 2)u’] = —% [pu*/u? + (D + 2) pfu’u*]
T
k

2 ~0u ~ o , - R B
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Next we deal with the terms proportional to 7 in the left side of Eq.(4.124) and apply
Eq.(4.137) to it. For this define,

10 0 A _ ) _ , _ )
[ ] = — 5 ax] I Gy [pu2uﬂuk + pQ(D + 4)u1uk + p9u25jk + p@Q(D + 2)(5%}
1 _ :
5;; [pu?u® + p(D + 2)u’] (4.138)

and substitute (4.137) into the above equation plus the cancelling of some terms, giving

the final useful expression for the 7 dependent terms of the left side of Eq.(4.124):

_D+2 0 =0 0 L (OuF 0w 2 0u
7—[...]_ O (p@ax]¢9>+a7l6 (8x1+%_58xl5 ):| (4139)

The above expression is introduced into Eq.(4.124), added to the definitions of the dy-

namic viscosity (Eq.(4.6)), the viscosity stress tensor (Eq.(4.5)) and the thermal conduc-

tivity (Eq.(4.7)), which leads to

%(” 2 'OD0>+%[<'O 2 pe(D+2))uj+Qj—uk6jk =0, (4.140)

that is the energy equation for quantum fluids and the true heat flux vector, Qj, is given
by

. 0 o0

G = Q= 5 lRlg(z) ~ D), Q= R (1141)

4.3 Macroscopic equations from the BE and FD dis-
tribution functions

The conservation of mass is given by Eq.(4.104) and the momentum balance equa-
tion for quantum fluids is described by Eq.(4.134). Comparison between Eq.(2.25) and
Eq.(4.134) shows that the classical and the quantum equations are the same provided
that the true temperature @ is mapped into the pseudo temperature, §. The same does
not hold for the energy equations, namely, Eq.(2.29) and Eq.(4.140), as the dependence of
the quantum case in the true temperature cannot collapse into the pseudo temperature.

The fugacity z explicitly appears there through the function g(z), Eq.(4.76). Thus the
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writing of the energy equation solely in terms of pseudo variables is spoiled just by the
extra term, that must be added to the pseudo heat flux vector, @7, to obtain the true
one, Q7.

In conclusion it is remarkable that the replacement of Q7 by Q7 in Eq.(4.140) renders
the mass, momentum and energy equations for the quantum and classical fluids formally
identical, provided that the density and the temperature are replaced by Egs.(4.4) and
(4.2), respectively. Another way to see this connection is by noticing that for the quan-
tum problem all the explicit and linear dependence in the temperature appears through
the pseudo temperature. This is the reason why the mass and momentum equations of
quantum and classical cases are formally equivalent, but not the energy equation. The
quantum energy equation has an extra quadratic dependence on the temperature brought
by the function ¢g(z) — 1, as already discussed. There is a link between this quadratic
behaviour in the temperature and the g(z) function, as shown by the identity below.

9§+2(Z>

92
9n(2)

=0%g(2). (4.142)

The quantum counterparts of the classical momentum and energy equations, namely,

Eqgs.(2.31) and (2.32), are given by

—- I )yt — Pl = 4.14
p(&+“aw)“+aw 0 (4.143)

and,

0 (D - o (D - . 1/out OuwN —.. O ~
— | =pb — | =—pou’ = . - | P74+ —@Q"=0 4.144
m(zp)+aw(2p“>+2(&w+ay> Top@ =0
respectively. We can define the pseudo stress tensor,
P = pf5'l — 5. (4.145)

We obtain the true thermal conductivity coefficient, kg, and the chemical potential coef-

ficient, x,, through their definition:

(4.146)
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To derive the above coefficients, we write the pseudo heat flux vector as,

~.  -OFR 0
O = ea—Z ~ o [Ra(=)0] (4.147)

Firstly derive the function g,(z) of Eq.(4.3):

Igu(2) _ pp96° 1 0p
o~ 9N\ e T e ) (4.148)
which leads to,
Ok D go1(2) | 90 op
=2 +1) = A 4.14
oz T { (2 * ) go(z) 0] 0 o (4.149)

where 7/ = (D/2 + 1)7(1 — At/27). One also obtains that,

w_ / D 9§+2(2) B ggﬂ(z) o0 g%H(Z) o
pT { (2 +2) 0 92(2) p 92(2) | 0w +0 92() 0w (4.150)

oxJ

The last two equations are introduced in Eq.(4.147) to obtain the coefficients sy and x,:

Ko = K (g + 2> gj;i;) - (g + 1) (g;;;zz)) 2 (4.151)

K, =0, (4.152)

where x is the MB (classical) thermal conductivity, given by Eq.(2.37). These are the
coefficients obtained in Ref. [32] for the BGK-Boltzmann equation using the Uehling-

Uhlenbeck approach.

4.4 The macroscopic equations for the non-expanded
distribution function

In this section we show that the macroscopic equations obtained using the fourth order
Hermite expansion (f(*)) and the non-expanded BE-FD distribution (f(*)) give the same
result.

For the continuity equation it’s easy to see this because p =) féo) =[f ©gP¢ and
pu = Ea féo) = [&f ©dPg. Notice the presence of the expanded function, f(©, and

the non-expanded one, f(© in these expressions.
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In the master equations for the conservation of momentum, Eq.(4.111), we see that
the dependence of the distribution function is only on the tensors 7% and 7%*. So, if the
tensors are made equal, the macroscopic equations will also be equal. Putting the BE-FD
distribution function in the definition of 7%, we have

= [eosoae
5ij 2 dD o
LY L
D J teds +1
D58 / nP+idn
DU (3 +1)J -1e% +1

where we used the substitution n = & —u. To obtain the BE-FD integral, we use another

+ puiuj,

substitution, r = n?/20

SR Lty L B
2r (% + 1) z7le®

= p(067 + u'?). (4.153)

From this equation we find the following identity
/ ' fOdPn = ps'ie. (4.154)

Now, we calculate the tensor 7%*

mik = / geiek fOgPe, (4.155)

using Eq.(4.154) and taking only the even terms,
7% = p[0(u' 67 4 w5 4 uF 6T + utuIut]. (4.156)

We conclude that Eqs.(4.153) and (4.156) are identical to Eqgs.(4.112), and so, the same
equation for conservation of momentum results from the full and the expanded approach.
Now, we use the same analysis for the master equation of energy, Eq.(4.120). We

calculate the tensors ¢, ¢/ and ¢/%.
1
o = 5 [€rvae
D

= péE + pu? (4.157)
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¢ = /se R

- 2 W0(D + 2) + u?] (4.158)
o = 5 [egeroae

1 . . _ . o
= 3 (/ nznjnkf(o)dD’n + pu/u* DO + 2pu’ut7*0

+2puuk 7% + pu?67Fo + quujuk) (4.159)

The first integral gives

/ n’n’n*d"n
z*le% +1
R |
D z*le% +1
§hnT (20)2 42 [ z2tld
~ (24 /z—lewil

= p(D +2)07"0%g(2) (4.160)

and using Eq.(4.154) we find

¢* = = [p(D+2)6%0%g(2) + pf (Du'u* + 4/u* + u?é) + putniut]

N[ N —

(D +2)6"*6%g(2) + 0(D + 4)u/u* + u*6* + uw*uu"]. (4.161)

Again we find that full and the expanded distribution give the same result (see Eqs.(4.121),
(4.122) and (4.123)). It means that the macroscopic equations found using the fourth order
expansion and the non-expanded distribution function are exactly the same ones! Notice
we made others approximations in our calculations to find macroscopic equations (e.g
the Chapman Enskog expansion), but the truncation of the expansion of the distribution
function causes no harm as it gives the correct answer. It shows the importance of the

fourth order Hermite polynomial expansion to thermal LBM, even for the classical case.
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4.5 The Hermite polynomial expansion to order N=3

This section provides a no-go theorem for the use of an Hermite polynomial expansion
with terms lower than N = 4 in case of thermal fluids. Notice that the quantum fluid is
necessarily thermal, but our considerations are valid for the classical thermal fluid too.
The BE-FD equilibrium distribution function must be carried until N = 4 order to obtain
meaningful results. We show that the N = 3 order simply does not correctly describe the
energy equation. The BE-FD function equilibrium distribution function expanded until

order N = 3 is given by,

70 - wa/){l - g ) (1 g0 ) + e+ glew® (1162)

+0-1)- [3& -0+ S - 0-2)] |

Notice that for the above equilibrium distribution function the fugacity z is only present
through the pseudo temperature 6 of Eq.(4.2), but this is not so for the equilibrium
distribution function of Eq.(4.75). This shows that the quantum and the classical macro-
scopic hydrodynamical equations are identical until N = 3 order by mapping the pseudo
variables into their counterparts. In order N = 4 this mapping holds for the mass and
momentum but not for the energy equation. This conclusion can be reached by analysing
the N = 3 order construction of the momentum and energy tensors, given by Eqgs.(4.112),
(4.121), (4.122) and (4.123). Interestingly, the momentum tensors of Eq.(4.112) are the

same in order N = 3 and N = 4, as seen below.

> EfO = pul, (4.163)
> &Y = p (067 + ulnd) (4.164)

ST fO = p [0 (5T + w6 + ul§) 4 utuiul] | (4.165)
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Thus we conclude that to obtain Eq.(4.111) and Eq.(4.113) it is just enough to carry the
expansion to order N = 3. Consequently the quantum Navier Stokes equation, namely,
Eq.(4.134), is obtained in order N = 3 and higher order terms, such as N = 4 terms, do
not contribute to it. Thus concerning the momentum equation, classical and quantum
fluids have formally the same macroscopic description. However the same does not hold
for the energy equation, as we learn by the expressions of the energy tensors in N = 3

order. They are given by,

1 250 _ 1 o D 5
9 Xo;ﬁa fa! = gpu”+ S0, (4.166)
1 A . _ .
3 D &G0 = g [wu? + 0 (D +2) ], (4.167)
1 ) N ) ) _ )
52 L’ = g (D + 4) wiuh + w26 + (20— 1) (D +2) %] . (4.168)

The last tensor, > £.260 ¢k féo) /2, differs from its N = 4 counterpart, as seen by compar-
ison to Eq.(4.123). The first two other tensors are identical in N = 3 and N = 4 order, as
seen by comparison to Eqgs.(4.121) and (4.122). Thus with the exception of a single energy
tensor all other ones are identical in N = 3 and N = 4 order. Nevertheless this single ten-
sor renders the N = 3 energy equation unfit to describe the energy evolution of the quan-
tum fluid. Hereafter we will develop a heuristic procedure to obtain the N = 3 tensor from
its N = 4 counterpart, given by Eq.(4.123). Consider the following approximations in the
N = 4 tensor, 3, €,261.6% 10 /2 = pluuuF + 0(D + 4)uiuk + Gu257% 4 62g(2)(D + 2)57%].
Firstly drop the fourth power terms in the velocity. Notice that § — 1 is of the order of
velocity square, as shown in section 3.2, and so, terms multiplied by the second power
in the velocity are of maximum order, and therefore, also dropped. Apply g(z) = 1, as
we know that such function does not exist in N = 3 order because it is not contained
in f\”. Therefore take the above tensor in the limit that 6 = @—1)+1 — 1 and

6?2 = (0 —1)2+20 —1 — 20 — 1 to obtain the above N = 3 expression for this tensor.
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In conclusion, contributions of N = 4 order to the last tensor, Y. £€,°¢i¢k fé") /2, are
important and necessary to reach the energy equation of Eq.(4.124). Hence neither the
energy of Eq.(4.140) nor the thermal coefficient of Eq.(4.151) can be obtained in N = 3
order.

Thus we have shown in this section that the N = 3 Hermite expansion yields an
incorrect energy equation and therefore this order is not suitable to describe either the
classical compressible thermal fluid or the quantum fluid. In conclusion the Hermite

polynomial expansion must be carried to N = 4, in order to obtain meaningful results.
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Chapter 5

Applications of the quantum
hydrodynamics

In this chapter we apply the quantum hydrodynamic equations, i.e., Eqs.(4.104),

(4.134) and (4.140), to a few situations..

5.1 Heat conduction in quantum fluid

In this section we derive the heat equation for quantum fluids.
Consider a quantum fluid with no macroscopic velocity w and a time independent

density. The mass continuity equation,

9p , Olpw) _

ot oxi (5-1)

is naturally satisfied by the restrictions of the problem and it doesn’t give any new infor-

mation. The momentum equation, Eq.(4.134),

0 .0 , 0 —..
1% <— —|—U]7> u' + %P” = O, (52)

has the the first term equal zero because it is multiplied by «’, that is null. Since P¥ =
p05 — 5 and 69 = 0 (see Eq.(4.5))

8axi (pf) = 0 = pf = constant in space. (5.3)

Using the above equation, we see that the second term in Eq.(4.144),

o (D - o (D - . 1 /0w o\ .. OQ
S 200) 4 (Do ) o (o S ) P O 4
8t(2p0)+8:vﬂ <2p9“)+2(axj+axz) T T 54
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is zero, and so is the third. Thus the energy equation becomes
D 80 0
— ‘ - 1)
7%+ 3 (@'~ i Flte) - 071 f =0

Remembering that Q' = —k00/02" and that & is proportional to pf, we find that & can

get outside the derivative

D 00 8{89 0

O Oaﬂ[ _”ﬂ}

2 0t " "oxi
Thus )
gp% a R&r?;xi [0+ (9(z) — 1)p] =0
and, finally )
% % _ax?ﬁxZ l9(2)0] =0, (5:5)

that is the heat conduction equation for quantum fluids. Defining the thermal diffusivity

as o = 2% we have
P

o0 o?
ot ag@ﬂ@:ﬂ l9()6] = 0.

(5.6)

In classical case, § — 6 and g(z) — 1 in such a way that equation (5.6) becomes the

already known classical heat conduction equation®, 90/9t = a V6.

5.2 Quantum Bernoulli’s equation

Consider a quantum incompressible ideal fluid, i.e., with no viscosity and with no

circulation (V x uw = 0) and in steady flow. In view of the vector identity
1 2
X (Vxu)= §V(u ) —u- Vu, (5.7)

we can call Eq.(4.134) introducing an external conservative force per volume f on the

0 0 . opPY ,
J 1 _rt
(at+ a])quaxj = f*. (5.8)

right rand side

1See http://mathworld.wolfram.com/HeatConductionEquation.html



70

Substituting the term u - Vu of the identity (5.7) into (5.8),

out  p 0 koky i d _cij  —ij] _ gi
p8t+§%(uu) P[UX(VXU)]JF@[M 7] = f". (5.9)

As there is no circulation, no viscosity and no velocity change with time,

POk 9 i
—— —|[po¥] = f*. 5.10
= A (5.10)
Since the force is conservative, it may be written as a gradient of a potential f = —pV1),
giving
o [u? p
=4 £ =0 5.11
I { 2 + P + @b} ; ( )

and we finally find the Bernoulli’s equation for quantum fluids:

2 —
% + P + 1) = constant. (5.12)
p

Let us analyze some limits of this equation. In the classical case, it’s easy to see that
Eq.(5.12) becomes the classical Bernoulli’s equation [15], since the pressure is p = pf
and @ — 0. Considering, for example, the external force as the gravitational force, the
potential energy will be ©» = gz, where g is the local gravitational acceleration and z is
the height relative to some reference point.

Consider the situation where u and ¢ are constants. Then the equation (5.12) gives
that 90/0x' = 0, which means that 6 is a constant. We apply this situation to another
limit that of fermions near to the Fermi surface. This limit occurs when p/6 > 1, where

p is the chemical potential. In this limit, the Fermi-Dirac integral g,(z) can be expanded

gy(z)zm 1—|—V(1/—1)%2 (2)2+...

Thus, the pseudo-temperature expanded until second order of 0/ is
90.41(2) Dz (0\°
AP 1+—7T<—> . (5.14)
6 \u

go(z) 241
In this case, the chemical potential and the temperature are related by the Eq.(5.14) or,

as follows,

(n/0)" (5.13)

6=0

arranging the terms, 6% = ap — bu?, where a and b are constants. This is the equation of

an ellipse.
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5.3 Couette flow for quantum fluids

In the Couette flow there are two infinite parallel plates with a viscous fluid between
them. The top plate is moving with velocity V' and the bottom plate is at rest. Consider
that the no-slip condition also holds for the quantum fluid?, and the fluid moves with the
top plate due to the viscous drag force and we have the profile shown in figure 5.1. We also

admit that the plates are at different temperatures 6, and 6,. The Couette flow contains

Y)
moving 2D plate 0,
= )=V~
fluid
h
u,(0)=0
stationary 2D plate X 0,

Figure 5.1: Scheme of Couette flow. Two parallel infinite plates separated by a distance
h, where the top one moves with constant velocity V' and the bottom plate is stationary.
The temperature of two plates may be different.

two simplifying hypothesis. The first one is that the flow is steady, so that the velocity
of fluid, and all others quantities, do not vary with time. The other assumption is that
the velocity is parallel to the plates, and so, there is no pressure gradient perpendicular
to plates. By the symmetry of the problem, the quantities can vary only in y direction.
In this section we use the notation z = 1, y = 22, u, = u; and u, = us.

The continuity equation, Eq. (2.3), is trivially satisfied,

dp O(pu’) 9, 9, B
\a—LJF pra 0= £(Pum) + a—y(ﬂuy) =0,

=0

2The no-slip condition states that the relative velocity between the solid boundary and the fluid layer
that is in contact with the boundary is zero.
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since the density has no dependence on time, u, = 0 and the density and u, are constants
in x direction.

Recall that the momentum equation, Eq.(4.134), is

o5
[p(067 + u'u?)] — 8;' =0,

8( o 0
ot dai
—

=0

where

g out ol 2 _out _ JAN?
FY — — N n — _
7 <8xj * oz’ D5 8xl> and 7 = pbT (1 27>

Using the hypothesis of our problem,

ou _ Oug  Ouy
ol oz oy

SO Oy = Oyy = 0 and 6,y = 0y, = N0u,/dy. Thus, we have that

0G4, 0 ([ Ouy,
= —_— f— -1
o 0= 3y (17 (9y) 0, and (5.15)
d(p9)
5y =" (5.16)

Next, we use the energy equation, Eq.(4.140)

;(pu2+pD9)+i[(pu2+pe(D+2)) hai (Qj—u’“ﬁj’“):O (5.17)

2 oxI 2 ]
=0 =0

with Q7 being
2T

Q' = —F-— — = [0(g9(2) —1)f] and k= ?p%’ (1 - g)

the first term in Eq.(5.17) is zero because there is no dependence on time and the second

gives
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Calculating the remaining derivatives

foj = aij {_’%gz - aij [Flo(=) - M}
— {55, — 3 e - A} (5.19)
and
O ki iry O [ _Oug

since Gty + Oaytly = 0, Gpplly = T4y = 0 and Gy,u, = Mu,0u,/0y. Therefore the

energy equation becomes

o Lo+ Zintae) - 10+ 5 (5 ) <0 G.21)

Using the definitions of 7 in Eq.(5.15)
0 At Ou At J, - Ou _ At d*u
Oor|1— — 2l = 1—— —(pb z or |1 — — T =0
dy [pT( 27) 0y] T( 27) 0y(p) dy +pT< 27) Oy*
——

SO

= 0. (5.22)

This equation says that wu, is linear in y. Using the boundary condition that the velocity

of top plate is V', Eq.(5.22) gives
uz(y) =V=. (5.23)

Indeed figure 5.1 shows a linear profile in the velocity. Now using the definitions of 7 and

Rk in Eq.(5.22)
D +2 At\ 9%0 - At\ 0
St (=5 G (-5 gy oo -

Y
- At\ 0 Ouy
(-2 ()
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Finally,
D+2 (0% , 0 ; ou, \*
Z 7 1 = .24
25+ o) - i+ (52) =0 (5.21)
2
where we used Eq.(5.22) to find 8 ( Uz G, > = (%) . This equation can be written as
D+2 (0% 0 V\?
P e - b+ (7)) =0 (5.25)

This is the differential equation that gives the temperature behavior of the temperature
in Couette flow for quantum fluids. This equation can’t be solved analytically for general
case, so we restrict our treatment to classical one.

In classical limit, the function g(z) — 1 and # — 6. Thus, the Eq.(5.25) becomes [8]

D +20% V\?
Z = 2
2 Oy? (h) ’ (5.26)
that has the following solution
V? 2 y(h—y) y y
0(y) = [ — 0.2 +0,(1-2), 2
) <h) b3 g gt (1-7) (5:27)

where we used the boundary condition for temperature (see figure 5.1).
So, in this chapter, we saw three examples of applications of the conservations equa-

tions for quantum fluids, which gives some intuition about them.
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Chapter 6

Numerical results

In this chapter we implement the quantum LBM developed in the previous chapters
as a computer program. We used the dilute fluid approximation, because it is simpler
implement and to stablish the initial conditions, but it was important as a first application
of quantum LBM. We could study the energy conservation and temperature behaviour

for two different initial conditions.

6.1 The dilute quantum fluid

We develop here the approximation of the dilute quantum (BE-FD) system, which is
very near to the classical (MB) limit. This is the limit of small fugacity, z < 1 taken in
the function of Eq.(4.3) [23]:

212

g,,(z):zIF2—V—i—~- (6.1)

where the assignment is (+) BE and (-) FD, respectively. We intend to carry here just the
first order corrections to the classical (MB) fluid which are linear in the fugacity. Then
we Taylor expand the function g(z) to obtain that,

z
g(Z):l:Fﬁ—f— (62)
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In this order the density and the pseudo temperature are given by,

D
2

p = (2m0)

PR (6.3)
9:9(112§+2+---). (6.4)

Within this order we can write the fugacity and so the function g(z) in terms of the

density and of the pseudo temperature,

1 P
~1 6.5
97 1F oy Y (6.5)

under the assumption that

p
(2n)

z =

5 < 1. (6.6)
2

Under this approximation the function g can be brought back to the BE-FD equilibrium

distribution function of Eq.(4.77) that becomes a function of p, § and w.

R

6
4 ) 1 2
(€)' + (01 |3~ D)+

gt () S(€aru)(€2 ~ D —2)

1 1 1|~ 1 )
€€ - D -0+ D +2- €]+ g |0 17 !
—20+1] - [€2+ (D +2)(D - 253)]}. (6.7)

Thus the LBM for the dilute quantum fluid can be developed through the variables density
p, macroscopic velocity u and pseudo temperature #. The latter is related to the true

temperature 6 through the relation,

= P
=0+ — .
b0+ L. (6.8)

where the + and — signs applies to fermions and bosons, respectively.
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256

1 256

Figure 6.1: Pictorial view of the initial condition taken in a two-dimensional cell of 2562
points with periodic boundary conditions. The outward velocity (or the density) takes
distinct values inside and outside the circle of radius 10, while the remaining variables are
taken homogeneous throughout the cell.

6.2 Numerical results

In this section we use the LBM based on the present N = 4 order theory to numerically
solve the dilute quantum fluid. We find that the energy is indeed conserved in D = 2 under
periodic boundary conditions and some initial conditions that trigger a time evolution
where motion and heat occur simultaneously [7]. The initial conditions are associated to
a circle of radius R located at the center of the cell, where one of the variables, among the
temperature 6, velocity w, and the density p, assumes a special value, whereas the other
two are taken constant throughout the cell. A pictorial view of such initial conditions
is shown in Fig. 6.1. We work with a grid of A.; = 2562 points, and in these units
R = 10. We take for the time step of Eq.(3.72) 7/At = 0.58. We use in this section the
concept of a real temperature 7' connected to the reduced one by T = ¢2, where ¢, is a
distinct numerical parameter for each of the lattices D2V17 and D2V37 (see figure 6.2),
This parameter makes equal to one the smallest non-zero microscopic velocity along the
axis [33]. In dimensionless units ¢g plays the role of the speed c¢,, defined by Eq.(3.30).
The time evolution of the system is a multiple of the computer steps performed in our

numerical procedure. Since our goal is to verify that the total energy remains constant
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Figure 6.2: The figure on the left shows the D2Q17 lattice and, on the right, we see the
D2V37 lattice. Taken from Ref. [34]

in the cell at any time step, we define the following sums over all cell points, which are

the average values of the kinetic and the thermal energies in the cell.

By, = — —pu 6.9
g Acell ; 2p ( )
1 D -
Eiherm = —— —pb, and (6.10)
Acell cell 2
Etotal = Ek:zn + Etherm, (611)

In our numerical study we assume identical initial conditions for the BE, FD and MB
cases, which means that they start with the same density, temperature and velocity.
Thus the initial kinetic energy of Eq.(6.9) is the same for the three cases, but not the
thermal energy of Eq.(6.10) since the initial pseudo temperature is not the same for the
three cases, according to Eq.(6.8), being greater for fermions and smaller for bosons, as
compared to the classical case.

To perform numerical calculations we must employ a concrete realization of the weights
and microscopic velocities that satisfy the algebra of Eqs.(3.52) to (3.58). This assures
that the Gauss-Hermite quadrature is being correctly performed. We choose the so-

called D2V17 [31] and D2V37 [33] microscopic velocity lattices. It is important to make
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Figure 6.3: The thermal and the kinetic energies for the Maxwell-Boltzmann distribution,
with the circle of radial velocity as initial condition, are shown here for the first 200 time
steps, using both the D2V17 and D2V37 lattices. For time step 118 the travelling front
wave hits the side of the unit cell.

a few considerations about these lattices regarding their ability to give the expected
answers. This ability relies on the order of the maximum power of the microscopic velocity
polynomial contained in the equilibrium distribution function and also the calculated
moments. The equilibrium distribution function has maximum order O~ &N for
N =3 and N = 4, as seen from Eq.(4.162) and Eq.(4.77), respectively. For computer
purposes the highest moment that must be calculated is the energy, which is of order
&2. Thus the chosen microscopic velocity lattice must correctly account for the sums of
the kind Eqgs.(3.52) to (3.58), which means &> for N = 3 and &% for N = 4. According
to Ref. [31] these calculations can be correctly done in the d2q9 and D2V17 algebras
for N = 3 and N = 4, respectively. Thus we conclude that D2V17 and D2V37 can be
used for the numerical treatment of the present N = 4 order LBM. Nevertheless to apply

the Chapman-Enskog analysis and derive the equation for energy, one must compute the
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Figure 6.4: The deviation of the temperature from its initial value is shown here for the
first 5000 time steps using the circle of velocity as initial condition. The the splitting
among the FD, MB and BE distribution curves is very small in comparison to the D2V17
and D2V37 lattice splitting and for this reason not observable. The inset shows for a
particular time step window the splitting of the temperature deviation among the three
distributions for the D2V 37 lattice.

moment ¢F ~ &2 fo(zo). Hence in this case the microscopic velocity lattice must correctly
account for sums beyond Egs.(3.52) to (3.58), which means of the order & for N = 3
and &8 for N = 4. Thus for this purpose the D2V17 lattice is limited to N = 3 [31] and
cannot be used N = 4. For such purpose N = 4 demands a higher order lattice, such as

D2V37 [33].

6.2.1 Velocity initial conditions

Under this initial condition w is non-zero inside a circle of radius R, where the outward
component is equal to 0.02 in reduced units, being zero outside the circle. Thus at the
beginning radial motion is set for a dilute quantum fluid of constant density, p = 0.1,

and temperature, 7" = 0.5, in the unit cell. This initial motion immediately generates
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Figure 6.5: The Kinetic energy of the FD, MB and BE distributions using the D2V17
and D2V 37 lattices is shown here for the first 1000 time steps. The initial condition used
is of the circle of density. The inset shows in a particular time step window the splitting
of the kinetic energy among the three distributions for both D2V17 and D2V37 lattices.

friction and subsequent heating that raises the temperature. Fig. 6.3 shows the time step
evolution of Ey;, and FEypern and the most important aspect found in these two plots
is that their sum is a constant which is Fy,q, as given by Eq.(6.11). FEy, follows the
trend of decrease in time, and eventually must vanish, while Ey..,, increases and tends
to stabilize, though such behaviours are just suggested in the first 200 steps of Fig. 6.3.
This figure only intends to display the evolution immediately after the initial condition.
To reach a nearly steady state of zero velocity and stable temperature simulations up to
20.000 steps must be carried. The two employed lattices, namely D2V17 and D2V37,
give the same qualitative results for the time evolution of the system, but their numerical
difference hinders the splitting among the BE, FD and MB curves for each lattice as
they fall very close to each other. Notice the non-zero initial value of Ej;,, due to the

initial velocity condition. After a few steps Ey;, drops to a local minimum, which is a
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Figure 6.6: The thermal energy of the MB distribution using the D2V17 and D2V37
lattices is shown here for the first 1000 time steps. The initial condition used is that of
the circle of density. The inset shows in a particular time step window the splitting of
the kinetic energy among the three distributions for the D2V17 lattice.

local maximum for E}j.,,,, meaning that friction caused by motion raises the temperature
but in such a way that Ej,. is conserved. After 118 steps the front wave raised by the
initial condition reaches the side of the unit cell. Notice that this number coincides with
the number of grid points between the circle and the unit cell side, namely, (256-20)/2.
In the numerical algorithm the speed of propagation is one, thus the number of steps
required for the signal reach the border is the number of grid points itself. Indeed Fig. 6.3
shows a hilly behaviour starting nearly at 120 steps, a consequence of the interference of
incoming waves from the neighbour cells. Fig. 6.4 shows the evolution of the temperature
deviation from its initial value of T" = 0.5. After 5000 steps the D2V17 and the D2V37
converge basically to the same final temperature which is just 6.0 10~¢ above the initial
one. Interestingly there is also oscillatory behaviour in the deviated temperature though

much less perceptible than in Fig. 6.3. The inset of Fig. 6.4 shows the splitting between
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Figure 6.7: The temperature deviation from its initial value is shown here for the case of
a circle of density as initial condition for the first 20000 time steps. The curves for the
three distributions and the two lattices are clearly seen here. The inset shows the first 20
time steps.

the BE, FD and MB cases in a particular time step window. Indeed one observes that

this splitting between the three statistics is of order 107 whereas the differences between

D2V17 and D2V37 is of order 1076.

6.2.2 Density initial conditions

Under this initial condition the density is p = 0.12 inside and p = 0.1 outside the circle
of radius R. The initial temperature is 7" = 0.5 and the macroscopic velocity w is zero
everywhere. Though there is no initial motion, the non homogeneous density distribution
sets a pressure front. The higher density at the center means higher pressure that forces
motion outward the circle, and so, generates friction, heating and raise of the temperature
in the cell. The first 1000 steps of Fj;, are shown in Fig. 6.3. Notice that it starts from

zero and the oscillatory behavior set by the entrance of wave fronts from neighbor cells
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is well described by the D2V17 and D2V37 lattices since their numerical differences are
in the range of 1077. In this case too the difference among the three distributions is
hidden by the lattice difference, shown in the inset for a chosen window of time steps for
both lattices. The trend towards kinetic energy decay is seen in this figure though the
convergence towards a steady state is only suggested by this figure. To really see it a larger
window must be taken. The time step evolution of Ejpep, is shown in Fig.(6.6). Eiperm
experiments a sudden drop to allow for the increase of Ey;, (Fig.(6.5)) as the system
starts motion due to pressure unbalance. As in the previously case, .4 is absolutely
conserved to machine precision, in our case tested to order 1071°. The inset of this plot
shows the splitting of the three distributions within the first 1000 steps. Notice that such
values are distinct because we chose the same initial 6 for the three distributions, which
means different  in the three cases. Finally we address the evolution of the temperature
deviation from its initial value 7" = 0.5 in Fig.(6.7) within the full time step window
studied, namely 20000 steps. The very first 20 steps, shown in the inset, indicate that
the initial temperature is the same in all cases. However the final ones are different. The
D2V17 reaches a final temperature deviation at a value slightly lower that the D2V 37 case
by an order of magnitude of 10~7. The final deviation is higher for the FD distribution
and lower for the BE. We notice during evolution a drop to a minimum of temperature
required to accommodate the kinetic expansion caused by the pressure unbalance in an

energy conserving scenario.
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Chapter 7

Conclusion

In this thesis we have applied the fourth order Hermite polynomial expansion proce-
dure, previously used for the classical compressible thermal fluid, to the quantum fluid.
In this way we obtained the macroscopic hydrodynamical equations of the quantum fluid
from a Chapman-Enskog analysis of the BGK-Boltzmann equation. The classical fluid
is described by the Maxwell-Boltzmann equilibrium distribution function whereas the
quantum ones by the Bose-Eisntein and Fermi-Dirac equilibrium distribution functions
for bosons and fermions, respectively. We conclude that the construction of an LBM for
the quantum fluid, similarly to the case of the thermal compressible classical fluid, requires
the Hermite polynomial expansion to be carried until the fourth order in order to obtain
the correct energy equation, which besides the mass and momentum equations, is also
needed for a full description of friction-heating processes. We show that the viscosity and
thermal coefficients, namely 1 and &, of the BGK-Boltzmann quantum fluid, previously
obtained through the Uehling-Uhlenbeck approach [32,42], can only be retrieved in the
fourth order, and not in lowest order. Therefore halting the Hermite polynomial expansion
to third order, as done in Ref. [42], impairs the derivation of the correct energy equation
of the quantum fluid. Similarly the macroscopic hydrodynamical equations obtained by
Yang et al., Ref. [12], do not correctly describe the energy balance equation because
they are limited to the third order. Although Ref. [42] provides the general form of the

macroscopic hydrodynamical equations for the BGK-Boltzmann quantum fluid, it does
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not express these equations in terms of the local macroscopic fields, namely, the chemical
potential p(x) (or the fugacity z(x)), the local temperature 0(x), and the local velocity
u(x). In this thesis we obtained the macroscopic hydrodynamical equation in terms of
the above macroscopic variables. We use the so-called d2V17 and d2V37 [33,34] to treat
the dilute limit of the quantum fluid where particles are so far a part that they behave
almost like classical particles. We consider this example because it is the simples possible
one. Nevertheless we stress that the present method is not limited to the dilute case and
can be applied to other very interesting situations, such as the description of electrons in
metals [13] and Bose-Eistein condensates [22]. We foresee much simplicity in the former
case, as one can take the so-called Sommerfeld expansion [23,27] and treat fermions near
to the so-called Fermi surface. We expect that the present formulation will allow for the
easy treatment of metals in presence of inhomogeneities, such as caused by local fields
and non-metallic islands and also in arbitrary geometries. Finally we have considered in
this thesis special limits of the quantum macroscopic hydrodynamical equations, such is
the treatment of Couette’s flow. We have derived a heat equation appropriate for the

quantum fluid.

In more details we summarize blow the main achievements of this thesis. We obtained
the equilibrium distribution function of the Bose-Einstein (BE) and Fermi-Dirac (FD)
expanded until fourth order in Hermite polynomials, namely, Eq.(4.75), or equivalently,
Eq.(4.77). We also obtained the Maxwell-Boltzmann (MB) equilibrium distribution func-
tion by Taylor expansion, namely, Eq.(3.37). In the classical limit the fourth BE-FD
equilibrium distribution function becomes the Taylor expanded MB equilibrium distribu-
tion function. All our results are obtained in D dimensions, a feature that generalizes
previous results discussed in the literature [32,42]. Next we derived the macroscopic
hydrodynamical equations for the BE-FD cases, Eq.(4.134) and Eq.(4.140), and showed
that they become their MB counterparts, Eq.(2.25) and Eq.(2.29) in the classical limit,

where BE, FD and MB statistics coincide. The viscosity and the thermal coefficients,
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given by Eq.(4.6) and Eq.(4.151), respectively, are the ones previously derived in Ref. [32]
by another method. We showed in Section 4.5 that the third order Hermite expansion
yields an incorrect energy equation and therefore this order is not suitable to describe
either the classical or the quantum fluid. The fourth order FD-BE fluid equations cannot
be generally mapped into the MB ones for arbitrary fugacity. However this mapping, as
found in this dissertation, is always possible at the third expansion level. This shows, once
again, that the third order can not be correct. The fourth macroscopic hydrodynamical
equations of the FD-BE fluids display an interesting property. To better understand this
property we introduce the notation of pseudo variables, represented by a bar on the top
of the corresponding variable. The property corresponds to the mapping of the pseudo
variables into their counterparts, which leads the (BE-FD) quantum equations into the
(MB) classical ones. However this mapping is not prefect, and is spoiled by a single
term in the heat flow term of the energy equation, as seen in Eq.(4.141). We notice that
Love and Boghosian [17] found that any equilibrium distribution that obeys isotropy and
galilean invariance results in the same general form for the hydrodynamic equations [5].
Under such premises the BE and FD statistics have exactly one new extra term in the

fluid equations as compared to the MB case, similar to the present findings.

Finally we explicitly constructed a LBM for the quantum fluids using the correspond-
ing fourth order LBM scheme and obtain some numerical results in the limit of dilute
quantum fluids. In this dilute limit the BE and FD are small corrections to the MB
statistics. This is the limit where the average distance between particles is much larger
than the thermal de Broglie wavelength. There is no overlap between the individual wave
functions and the particles can not condense into a single quantum state. Our numerical
analysis is based on some two-dimensional lattices [31,33], the so-called d2V17 and d2V37
lattices. Thus we are able to check that indeed quantum fluid motion generates friction
and the heat created results into a temperature change such that the total energy remains

conserved during a time evolution process. Our numerical study is restricted to an adia-
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batic process as there is no external contact or force. We treat a two-dimensional system
under periodic boundary conditions, thus without external borders and with no external

applied force, just an initial displacement from equilibrium set by the initial conditions.
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Appendix A

Hermite polynomaials

In this appendix, we introduce some important concepts related to Hermite polyno-
mials that are used in this thesis.
The N*I order Hermite polynomial is defined by the Rodrigues’ formula [14],

(=D 9w(§)

) =ty agnage...oen

(A1)

where,

wlE) = (2;)5 exp (—%) (A2)

is the gaussian function. The orthonormality of the Hermite polynomials, H"%~ (), is

given by,

/ AP € w(€) Hvize-ix (£) Horsa--in (£ (A.3)

= §NVM(§hirgiziz | §ININ 1 all permutations of js).

The lowest order Hermite polynomials are easily derived from Eq.(A.1):

HY(€) = €'¢ — oY (A.6)
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HOH(E) = £g96" — (6% + 95" 1 467 (A7)
HEIERG 4 Il - €86 4 9P, (A.8)

where the symbol ¢ is described in section 3.3. The following integrals over the gaussian

function of Eq.(A.2) are a consequence of the orthonormality of the Hermite polynomials:

[ vewie) =1 (A.9)

[ Pewier=o (A.10)

[ ewiecs = s (A1)

[ Pewcse o (A.12)

[ Peueggice = s (A.13)

[ Pew@sgeen o (A.14)

[ Peuggicieener = g, (A15)

[ Pes@eeses e = {7 O (A16)

To illustrate that Eqs.(A.10-A.16) are a consequence of Eq.(A.3) let us consider some

examples. The orthogonality of the zeroth and first order Hermite polynomials is,

/ dPE w(€)H () H () = / PPEL(E)E =0, (A17)
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which yields Eq.(A.10). Integration over two first order Hermite polynomials gives,
[ Pew©miem© - [aeueee =5 (A1)

which is Eq.(A.11). Integration over the first and the second order Hermite polynomials

gives that,

/ AP E (&) H () B (€) = / PEW(OE (e — %) = . (A.19)

From Eq.(A.17) one obtains Eq.(A.12). As a last example we consider the integration

over two second order Hermite polynomials:

[ Pewtemi@mnie - [aeueles - s - o)
- / PEw(E)EeIEre — 5 / dPEw(E)Ere! — 5 / PEW(E)EE + 595 / PEw(E)

— 5ik5jl + §il5kj.

that gives the Eq.(A.13). The orthogonality relations, given by Eqs.(A.9)-(A.16) are the
key ingredients to obtain the moments of Eqs.(3.39), (3.40) and (3.41).

It is worth to investigate the properties of the Hermite polynomials in case the argu-

ment is a difference £ —u. Using (A.4), (A.5), (A.6), (A.7) we find the following relations:

H (&) =H(¢ —u)+u'H (A.20)
H9(¢) =H9(¢ —u) +u'H (&€ —u)+ W/ H (§ —u) +u'v'H (A.21)
HMNE) = HI(E — )+ u H (€ — )

+uw H* (& — u) + u"HY (¢ — u) + v/ H* (€ — u)

+u'u"HI (& — u) + Wb H (€ — u) + v'uiu"H (A.22)
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HM(E) = HM(E —u)+u'H*M(E — u)
+ul HM (€ — w) + " HY(§ — u) + u'HV' (€ — u)
Fulu? HM (€ — u) + u'u" H' (€ — u) + u'u' H* (€ — u)
U HY (€ — u) + wul H (€ — w) + w/u" HY (€ — u)
e HE — w) + i HEE — )

+ulutu HY (€ — u) + v'uFul HI (€ — u) + u'vuFul, (A.23)

Using the above expressions it becomes straightforward to calculate the first four coeffi-

cients of the Hermite expansion.
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Appendix B

Chapman-Enskog assumption and

the conservation laws for classical
HAuid

In this appendix we see how the Chapman Enskog assumption is related to the con-
servation laws [40]: for mass, momentum and energy. Unlike what was done in chapter
4 to get the conservations laws, here we won’t do that in discrete phase space, but in
continuous one.

Considering a classical fluid, that obeys Maxwell-Boltzmann distribution for velocities,

Eq.(3.33), in three dimensions

O) (e — PO —(e—u0)?/200
f (5) - (27’(’00)3/26 9 (Bl)

where pg, ug and 6, are the density, macroscopic velocity and temperature respectively
for the equilibrium state. This notation is used only in this appendix. We can define the
density p, the macroscopic velocity w and the temperature 6 for non-equilibrium state as

integrals of distribution function, as follows:

[ rie=0 (B.2)

/ fEdPE = pu’, and (B.3)

/ fE2d%E = pu® + 3p0. (B.4)
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These are the three moments of the non-equilibrium distribution function. The BGK-

Boltzmann equation, Eq.(3.20), is

of | . f 0 1 o)
which we can write as
af f 3f
_ p(0) _

This expression is used in the following section to get the integrals and derivatives of the
distribution function.

Integrating the Maxwell-Boltzmann function, Eq.(B.1) we can get the five moments

bellow:
[ 1ode = g (B.7)
[ 1o e =o, (B.3)
[ 1O )@ = )i = pobos (B.9)
[ 10 )@ = et - uf)ae =0, (B.10)
[ FOUE )€ = e~ uaa’E = St (B.11)

This notation is used only in this appendix.

B.1 Conservation of mass

Integrating the equation (B.5)

9 O [ i [ 91 L [ro _
at/fd3£+axi/fu PE+F agzdf“f_ /(f0 fd¢. (B.12)
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The first and second integrals are given by Egs.(B.2) and (B.3), and the integral [ 0f/0¢'d*€ =
0, because the distribution function is odd and the integral is defined over all velocity
space. Now, we use the first Chapmann-FEnskog assumption: p is equal to py. Comparing

Eq.(B.7) and (B.2), we conclude

/fd3£ /f d3£:/ =0. (B.13)

It is a necessary condition to obtain the correct law for conservation of mass given in

Eq.(2.3):
dp
ot * 0xi(

pu') = 0. (B.14)

B.2 Conservation of momentum
Integrating the Eq.(B.5) multiplied by &', we get

5 | e o [roeerw [ SLewe— [40-pewe  may

Now we need call the second Chapmann-Enskog assumption, that is, u = ug. Eqs.(B.3)

and (B.8) give
/ fEdPE = / fOgPe = / f)Eid3e = o. (B.16)

As we see in the end of this calculation, we obtain the momentum conservation equation

only because this integral is zero. The third integral can be solved

351235 /(%]fé ) /f

where the integral [ 9(f&")/0¢?d*€ was zero because the function f¢' is odd. Thus, using

¢l

¢ =0 — Y / fd*¢ = —né“,  (B.17)

these results and Eq.(B.3), we have that Eq.(B.15) becomes

o ) o .
Go)+ o [ €gde~Fp=o (B.18)
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Now we need to find the remaining integral. Substituting Eq.(B.6) into the integral,

[reowe= [ rogeiae - ( [ reciie

+@ / fETERBE + pFlad + puiFﬂ) + 0(9%). (B.19)

So, considering only first order in derivatives, Eq.(B.15) is the Euler equation given by

Eq.(2.5):

0 . 0 o o
(2 v,,] _ 7
5 (pu') + B (pu'u’) = o (pf) + pF". (B.20)

But we can find this equation in higher order by solving the integrals in equation (B.19).
From third moment of equilibrium function, Eq.(B.9), we get [ f O ¢eide = pulnl +phov.

Taking the time derivative and using Egs.(B.20) and (B.14),

o [10cewe = — Dty Lol + ot — it o
—ui%(pﬁ) pFii — %(p@u 5 — gpegzk5]. (B.21)
Using Eq.(B.10) and deriving
o [ 106 g
_ it aak(pﬁuj) + 5jk%(p9u )+ 5 aak(peuk) _ %(puiujuk)
aal(pe i)+ aia‘ (pu’) + %(pﬁu )61 — %(puiujuk). (B.22)

The sum of the two above integrals, after arrangement, is

0 - 0 o
a/f(0)525]d3§+ﬁ/f(o)ﬁlfjfkd?’i
ou’ ouwl 2 OuF

= Mo p@axi — —p08—5” pFud — pFiv’, (B.23)
Substituting this result in Eq.(B.19),
i y .y o’ out 2 ouk
FEEPPE = phd + putu! — 7',06% — Tan -+ Tp@a -0 (B.24)
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Finally,

ou’ O’ 0 . ) o  out 20uF .
j _ i = ij
P + pu 0 By (pf) + pF* + Ere [Tpe (axi + D 38xk5 )} (B.25)

This is the Navier-Stokes equation that is in Eq.(2.25). We see that this result could be

obtained only because we assumed the second Chapmann-Enskog assumption.

B.3 Conservation of energy

Multiplying Eq.(B.5) by (£ — u)? and integrating, we have

0 0
6_{(5 —u)’d*€ + /éla—:ﬁ.(ﬁ —u)’d*¢
0
+ [rde-wiee=2 [0 pie- upee (B.26)
We call the third Chapmann-Enskog assumption, i.e., = 6y. Using Eqgs.(B.4) and (B.9),
we get
/f(§ u)’d*¢ = /f (&—u d3£:>/ )& —u)d*¢ =0. (B.27)
Thus,
0 0 0
Tie-uwpees [ee—upaes [File-upeg—o @)

Now we will solve these integrals. The last integral is

of 0 ;
grite —upde = oo [ pe—upae -2 [ rie

using Eqgs.(B.3) and (B.4),

9]
73

of
o

(€ —u)’d’¢ = ——(3pf) — 0 = 0. (B.29)

The first integral in Eq.(B.28) gives

Lie—wpae=2 [ rie—uwpae25t [ - wae=2om, B0
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where was used Egs.(B.3) and (B.4). And the remaining integral

/ e —wree— o [ ree-wregee [ e - ) Jha
- e+ 200 [ e —ui)e —w)ie

v / e 0 (i - >d35] o

, ou’ o (Oul  Out  20uf
— _ 2 33 el _ = 3]
(& —uw)*d’€ + 2p98:v rw (8931' + E 38$k5 ) (B.31)
And approximating the integral
[ seie - wrae
= 2d3 / i
[ 10t wpie x| [ Dete - wpae
0
v [ Lo wwe aéé = u)?df”s}
= 3pfu' — 7 [/ agt ‘(& —u)d’¢
f © 2
+ ggﬂ(g u)’d*€ — 5p9FZ] + O(0%). (B.32)
Thus, substituting these results in Eq.(B.28) we have
0 8
35;(P0) + (& —u)? ipw
o (Oul  Out  20uf
_ _Zz ij | _
T o <(9a:i + 5 38xk6 ) 0 (B.33)
from which we can write the conservation law in zeroth order:
0 52 _ 2,00 o) (B.34)

ot oxt 3 0zt



If we want a higher order approximation, we need to solve the integrals in (B.32),

(0)
/ e upae

- a/}mez—uw%+2/f@is—m N e
= 32 g )+2— o5+ — /f
= dgletu p
o ou
= 3§(p6’u)+2p9 5
- apt) . D 2 oul . 00
= 36 [— e + pF —amj(puu) + 3pu’ _398:51_ pe
10 ou’ :
- ) 7
—|—2p6’{ o -(p0) uaj—f—F]
0

d ., . 0 .
J _ 1,0\ __ . 7
8:151( 30pu'n’) — 2p08:1:j (u'u?) 5983:1' (pf) + 5pF".

The other integral is

0
/af (e —uPdE = ——/f €61 (€ — u)dg
0
w2 [ fOggie-w- o,

but, from Eq.(B.11)
[ € =g - w)ie — wpae = 5%
= [ 10gge - wrag - w [ 1O - wide
—ut [ 106 - wide i [ FOE - upe

= / fOEEI (& —u)2d3€E = 5p0%67 + 3u'u? ph.
We also have, Eq.(B.10)

[ 1O = (e - )i - g =0

= /f JEEI (€8 — uh)dBE = ph(ul 6™ + uieT).
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(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)
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Thus

0 . i o
—(3u'u! pf) + 2,0(9@(1; u’). (B.41)

0 el s
[ e - wie = o+ 5

Substituting

/ FE1(€ — w)dg

- (u' u?) — 50i(p9) + 5pF"

= 3pbu’ — 7 [i( 30pu'u’) — 2p0—— 0 o

oxJ oxJ

NP » 9 . |
(3p0u‘?) + 2p0—— (u'u) — 5pHF
8:15 —(5p0°) + 3x3(3p9““)+ p@axj(uu) 5p0 ]

= 3pbu’ — T {me% + 5pF" — 5p9FZ} , (B.42)

and we finally obtain the equation for energy conservation (see Eq.(2.29))

20 .00 2 out 1 0 (5pf 00 ow (o Oout  20uF .

— =——f—4+ - | =—= . , - — — 0 ). (B.43

ot T 8301 3 Ox? * p Ox’ < 3 ax’) T o (8951 * Ozl 30xF ) ( )
Again, we get this result because we assumed the third Chapmann-Enskog assumption.

We can see by these previous calculations that the Chapmann-Enskog assumptions

are closely related to the correct achievement of the correct hydrodynamic laws.
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Appendix C

Gauss-Hermite quadrature

I review the Gauss-Hermite quadrature, which is a way to obtain the values of in-
tegrals through discrete sums. In this way we transform our equilibrium distribution
functions obtained in the previous section in a LBM scheme to numerically solve the
BGK-Boltzmann equation. The Gauss-Hermite quadrature preserves the orthogonality
of the Hermite polynomial tensors in the Hilbert space [24]. Then the gaussian integrals
can be performed in a D-dimensional discrete space where the microscopic velocity only
takes the fixed set of values, §,, « =0,1,---, M, — 1, provided that we introduce the set
of weights w,. Essentially this means that the gaussian integral over an arbitrary function

G (&) can be performed as a sum over a set of M, velocities:

[ P€w(©)6 € = > w6 €., (eRY
Thus the orthonormality condition of the Hermite polynomials, shown in Eq.(A.3), also

holds in this discrete space:

ZwaHilig...iN(ga)Hjljg...jM (€.) (C.2)
:aéNM(cSiljlém?..éiNjN + all permutations of j’s)
Notice the two distinct integers, the truncation order of the Hermite expansion of the
equilibrium distribution, N, and also M, where M is the number of relations that the

discrete set of velocities and weights w, must satisfy [24]. In section 3.3 we saw these

relations, that are Eqgs.(3.52)-(3.59) and replace the continuum Egs. (A.9)-(A.16).
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’ Lattice \ M \ o \ Wq ‘
D1V2 3 +1 1/2
D1V3 5 0 2/3
+/3 1/6

DIVA | 7 | £2vV3—v6 | (3+16)/12
+v3+v6 | (3—+6)/12
DIV5 | 9 0 8/15

+1/5 — V10 | (7 4+ 2/10)/60
+v/5+ 10 | (7 —24/10)/60

Table C.1: One-dimension lattices and their weights. M is the number of relations that
the lattice must satisfy.

’ Lattice \ M \ éa \ p \ We, ‘
D2V6 | 4 (0,0) 1 1/2
2 (cos 21, sin 27%) | 5 1/10 n=1,...,5
D2V7 | 5 (0,0) 1 1/2
2 (cos ™, sin %) | 6 1/12 n=1,...,6
D2V9 | 5 (0,0) 1 4/9
(v3,0)rs 4 1/9
(£V/3, £V3) 4 1/36
D2VI2 | 7 (r,0)ps 4 1/36 2 =6
(%5, £5) 4 (5 +2v/5)/45 52 = (9 —3v5)/4
(&t, +t) 4 (5 —2v/5)/45 t2=(9+3V5)/4
D2V17 | 7 (0,0) 1| (5754 193v/193)/8100
(r,0)ps 4| (3355 —911/193)/18000 | r2 = (12243V1%)
(7, +7) 4| (655 + 171/193)/27000
(27, £2r) 4| (685 —49v/193)/54000
(3r,0)ps 4 | (1445 — 1014/193) /162000

Table C.2: Two-dimension lattices and their weights. M is the number of relations that
the lattice must satisfy and p is the number of velocities with the coordinates in the same
line. The subscript F'S denotes a fully symmetric set of points.
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wa
56266 R2—72/3(19991—338+/30) R+74/3(14323+6238/30)

264600R2

31206 R2 —72/3(3201+466+/30) R—7%/3(2427—7061/30)
264600R2

29232 R2472/3(3888+-2651/30) R+7%4/3(216—1027+/30)
529200 R?2

42R?4+7%/3(334-2v/30) R—7'/3(34-621/30)

3600
1638 R24-72/3(1647+4+/30

R2
YR—T7%/3(891+4961/30)

264600 R?
—126R2+72/3(11614194+/30) R+7%/3(1107—242+/30)

1058400R
14R247%/3(1314-10v/30) R+74/3(17—34+/30)

2

(o R NG S U NN | |

264600 R?
—168R2472/3(2284711/30) R+7%/3(516—29+/30)

1058400R2

R = v/67 + 3630

l\/49 —

CL:6

17-(]7{)2/3 +TBR

Table C.3: D2V37 lattice. It has M = 9. The subscript F'S denotes a fully symmetric

set of points.

\ Lattice \ M \ Ea p \ We \ \
D3V13 | 5 (0,0,0) 1] 2/5
(47, +s,0) 41 1/20 | r2=(5++5)/2
(0, %7, £5) 4| 1/20 | s =(5—+5)/2
(£s,0,%7) 4 1/20
D3V15 | 5 (0,0,0) 1] 2/9
(v/3,0,0) rs 6| 1/9
(£v3,£V3,£V3) | 8 | 1/72
D3V19 | 5 (0,0,0) 1] 1/3
(v/3,0,0)rs 6 | 1/18
(V3,V3,00ps | 12| 1/36
D3V27 | 5 (0,0,0) 1| 8/27
(v/3,0,0)ps 6 | 2/27
(V3,v3,0)ps | 12| 1/54
(£V3,+V3,£V3) | 8 | 1/216

Table C.4: Three-dimension lattices and their weights. M is the number of relations that
the lattice must satisfy and p is the number of velocities with the coordinates in the same
line. The subscript F'S denotes a fully symmetric set of points.



Appendix D

Useful relations

Y &gl ehchw, = (D +2)5Y
S (Eu - w)wa = w?ST + 20
D 88 (ba - w)twa = 3’7 + 12070
D G (Ea - u)ba’we = 1! (2D + 8) + 6Y(D + 4)u’
Y €igia wa = 69(D* + 6D + 8)

> EOLE (Ea - ww, = uFT + w5 4wl

N (Ea - u)Pwa = 3(uF0T + w6 + ul§T YU + Guluu®

N GG Ea - o Pwa = (D + 4) (167 + W 5* 4 uis)
> €alwa =D
D €a’(ba - u)we = (D + 2)u’
D &’ (a - u)w, = 3(D + )ut

Z€a4wa = D(D + 2)
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(D.1)

(D.2)

(D.3)

(D.4)



Zéa (€ - u)*wo = (D +2)(D + 4)u’

Zsa we = D® +6D* + 8D

Z éa €a u (D + 2)u7

Z o’ (Ea - u)’wa = 3(D + 4)u'u’?

Zsa € (€a - Wwa = (D +4)(D + 2)u?
Zsa 65 (€ - ) 'wo = 3(D + 6) (' + duiuFu?
Z €168 (&0 - u)’wy = (D +4)(D + 6) (66" + 20/ 0"

3" €a5€l ek w, = (D +2)(D + 4)(D + 6)57*
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(D.13)
(D.14)
(D.15)
(D.16)
(D.17)
(D.18)
(D.19)

(D.20)
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