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Abstract. A simple derivation of the formula for the flux of Sammendrag. En enkel utledning av formelen for lysfluks i
light at a point from cosmic light sources is given. Both the et punkt fra de kosmiske lyskilder blir gitt. Be at de
obscuration of distant sources by nearby ones and the naerliggende lyskilder vil skygge for de fijerne lyskilder og
expansion of the universe are taken into account. The universets ekspansjon blir tatt i betraktning. Forklaringén p
explanation of the dark night sky is mainly that the distance den marke nattehimmelen er i hovedsak at avstanden som en
travelled by a light particle is much smaller than the mean lyspartikkel har beveget seg, er mye mindre enn midlere fri

free path for a photon. Both the obscuration and the veilengde for et foton. B de skygge-effekten og
expansion are relatively unimportant. We live in a young ekspansjonen er nokdite viktige. Vi lever i et ungt univers
universe with little energy. med lite energi.

1. Introduction and history 2. Statement of the riddle

A good scientist must certainly be intelligent, well A philosopher once started to think about which of the
informed and have a large capacity for work. Howeverwo heavenly bodies, the sun or the moon, is most
what really separates the genius from the ordinarymportant for us. Thinking deeply for a long time he

human being is the capability to wonder. The geniusame up with the answer: the moon is most important
is astonished by the darkness in the dead of night. FotnCe it shines during the night when it is dark. The sun
him the darkness represents an important and strang%"nes during the day, but then there is broad daylight

. . . |
observation. The common human being expenenceé1 any case: .
. . . Now, the obvious and common answer to the question
only what is well known, simple and obvious.

. . ; . of why the sky is dark at night is that our sun is then
The dark night-sky . riddle was possibly flrgt down{:lnd is s)r/ﬂning on the gther side of the earth. But
formulated by Thomas Digges more than four centuries,,r sun is an ordinary star, and there are many stars in
ago. The story of this so-called Olbers’ paradox whichipe sky. Hence, the proper question is why the light
so long resisted solution has been properly told in therom the stars is so feeble. Certainly, the light from
excellent book by Edward Harrison [1]. Today the darka distant star is more feeble than the light from a star
night serves as a cornerstone for modern relativisticlose to us. But there are many distant stars.
cosmology and is one of the few basic facts telling us To be more specific, let us calculate the amount of
that big bang cosmology is on the right track. energy received by a unit area of the surface of the
The motivation for this paper is mostducational ~ €arth from the light sources within a spherical shell
There exist many well written texts explaining different With thickness @ at a distanceD from the earth (see
aspects of the riddle. However, most of these papergure 1). We take the-axis to be normal to our unit
are written for the educated layman [1-19]. There is@réa. We denote the density of light sources:byand
of course, no shortage of research papers treating tﬁge. Ium|n03|ty of a light source by.o. The_ energy
problem in full detail [20-31]. What we miss is a properer?m.ed per time by the volume element with volume
text which is self-contained and easily comprehensibIeD sing d9 dp d is given byLO'?OD sing dj dy dD.
. The energy f received per time and area from the
at anundergraduatelevel. In this paper we want to ,qjume element is given by

present those aspects of the problem which are most

important from a physical point of view. We want to dl = LonoD?sin do de dD cosd . @
avoid being lost in subtle details which are not essential 47 D?

and necessary for a proper understanding of the physicshe factor cog here stems from the fact that generally
behind the solution of the riddle. However, even quitethe bundle of light rays from the volume element is not
recent texts exist which are misleading or plainly wrongnormal to the unit area. Surprisingly, this factor has
[32,33]. been dropped in the nice paper by Wessdral [28].
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Figure 1. Light is emitted from the volume element and received in a unit area at the origin and normal to the z-axis.

Moreover, these authors have not cared about the fashould accordingly be covered by light sources. Let us
that an observer on the earth can only observe the lightalculate this obscuration effect properly.

sources above the horizon. The amount of enefgy d How many collisions will N objects moving
received per time and area from the spherical shell i distance @ through a distribution of obstacles

now given by experience? This number must be the same as the
2 nj2 number of collisions one object experiences moving a
dis = / / LonoD? sing cosd distanceN dD through the obstacles. But this number is
9=0J6=0 N dD/y wherey is the mean distance an object travels
1 between collisions. Hence, the probability that a photon
X4 D2 do de dD. (2)  is absorbed travelling a small distanc ik just dD/y .

) ) However, this number is also the probability that
Hence, the energy received from every shell withy photon travelling outwards from a light source and
thickness @ is the same reaching a shell with thicknesgxa distanceD from the
dg = %Lono db. ©) light source will pe absor_bed in this shell (see figure 3).

_ _ _ _ But this number is the ratio of the cross sectional area of
since the number of light sources increases in thehe obstacles in the shell to the area of the shell. Taking
same way as the energy from a light source decreasege light sources (obstacles) to be spherical objects with
However, expression (3) cannot be correct if ourradiusa we have

universe is infinite. We would be fried immediately dD  nodw D?dD ra?

by the infinite amount of energy from all the shells. = " @)
y 47 D?

The mean distance a photon travels before being
3. The obscuration effect absorbed by a light source, i.e. the mean free patis

thus given by
Anyone who has been inside a large wood knows that we 1/n
cannot look out of the wood if it is large enough. The y = 720 (5)
trees which are far away are partly covered by closer Ta

trees (see figure 2). Looking into the vast universe, in.e. the volume of space per light source divided by the
every direction we should see a light source. The skyross section of a light source.
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Figure 2. In a forest our distant view is obstructed by a background of tree trunks.

Integrating equation (6) we obtain
E = E,e ", )
whereE, is the amount of energy emitted by the central
light source. Hence, the obscuration factor, i.e. the

probability P that an emitted photon reaches the shell
at a distanceD from the light source, is given by

P(D)=¢e""". (8)
Taking this obscuration effect into account, equation (3)
takes the form

dis = 1Lonoe ”/” dD. 9)
The total amount of energy received per time and

area from the whole universe is found by integrating
equation (9), and we obtain

Lo
4a?’

*1
[ = / — Long e P7dD = (10)
0 4
i.e. the energy received per unit time and unit area
should be equal to the energy emitted per unit time and
Figure 3. Some of the light rays reaching the shell will unit area from the surface of a light source! This is the
be absorbed by the obstacles within the shell. classical form of Olbers’ paradox.
With an infinite speed of light one can of course

explain the dark night sky assuming our universe to be
an island of light sources surrounded by an empty black

Hence, the ratio of the amount of energydE
absorbed in a shell and the energyreaching the shell

is space.
However, we now know that the speed of light is

de dD finite. Hence, looking out in space, we are also looking

“E o (6)  packin time. The riddle can accordingly be immediately

solved by assuming that the light sources have been
where & is considered negative since the energy fromshining for a finite time only or by assuming that the
the light source is reduced travelling through the shell.universe itself has not existed throughout eternity.
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Moreover, modern physics, i.e. Einstein's speciali.e. the proper time for every observer moving with the

relativity, tells that the mass: and energyEsource Of
a light source are related by

Esource= mcz, (11)

substratum (light sources). The space coordinate
co-moving i.e. the coordinatesand are so adjusted
that the spherical surface= constant moves with the
material lying on its surface. The scale fac®g) has

wherec is the speed of light. The energy received perthe dimension of time while is dimensionless.
unit time and area cannot equal the energy emitted per The thickness B of the shell is now given by
unit time and area, since space would then be filled

with radiation in equilibrium with the matter of the light

sources. The energy densityof the radiation would be
given by
4 Lo

-, 12
¢ 4ma? (12)
and the energyEspace cOntained in the volume /kq of
space per light source would be

Lo
Espace: - (13)
nocwa
Inserting numbers, it is seen that
Esource < Espace (14)

R(t)dr
Vi—k?
The mean free pathy of a photon is no longer a
constant since the universe is expanding. Inserting into

equation (6) and integrating we find that the obscuration
factor now reads

dp = (19)

o dr
P(r) = —7a? / R 7] 20
(r) eXp{ ma A n(t) (t)m (20)

5. Redshift factor

The mean free patly of the photons can also easily However, since the universe is expanding the energy
be found if the universe was filled with radiation in of a photon received by an observer is not the same
equilibrium with the matter of the light sources. We as the energy of the photon emitted by a light source.
then just ask how long it would take an energy sourcéoreover, the time interval for reception of photons is

to fill its volume 1/n, of space. That timg is given
by

not the same as the time interval for emission of the
same photons. But the number of waves emitted must
be the same as the number of waves observed. Hence,
we have the relation

Vem Ofem = Vobsfobs, (21)

wherev is the frequency and:ds the proper time.
The emission of a photon can be defined as two events
Eem(tem, rem, 0, ¢) and Eém(tem + dtem, rem, 6, @), and

The distance! this radiation has travelled is accordingly the reception of this photon moving radially towards

1
LoT = —u, (15)
no
and remembering equation (12) we obtain
1
T = > (16)
nomwasc
given by
1
4= o 17)

ma?’
in accordance with expression (5).

4. Expansion of the universe

the observer as the two evenfps(fobs 0, 6, ¢) and
E[, (tobs+Otops, 0, 6, ¢). The equation of motion for the
photon is found from equation (18) by putting € 0.
We obtain
c dr
—dt=—— 22
R(t) V1—kr? (e2)

where the minus denotes that the photon is travelling

To construct a non-static universe model we must tak&Pwards the observer at the origin of the radial
Einstein’s theory of general relativity into account. We coordinater. _ _
assume that the cosmological principle is valid for our Intégrating equation (22) we obtain

point. Space is accordingly homogeneous and isotropi

universe, i.e. the universe is unchanging from point to ;s c 0 dr
—dt = _/ P
(the same in any direction) about each point. The Iinim R rem N1 —kr?

element d which relates events in space and time isypich yields

then given by the Robertson—Walker metric:

dszzdzz_”‘”( o

2 1712 +r? d92+r25in29d(p2) ,

(18)

k being +1,0 or —1 according to whether the spatial
geometry of the model has positive, zero or negative Otem  dfgps
curvature. The coordinate here is the cosmic time, =

tobst+diobs c
- Sa (23
tem+dfem R
tem+dfem fopstdiobs
c c
/ —dt = f —dr. (24)
i R i R

em obs

Taking the scale factaR to be constant during the short
time interval d, we obtain

= . 25
Rem Robs ( )
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Remembering Planck’s relation for the energyof 7. Einstein—de Sitter model
electromagnetic radiation with frequeneyi.e.
Einstein’s field equations for a perfect fluid read

e = hv, (26) 3
. . _ 87Gp = — (kc® + R — A, 31
whereh is Planck’s constant, using equations (21), (25) S RZ( ¢+ R (31
and (26) we now obtain that the energy,s received gpg
per time reads PR ke
. 87Gp/c?t = —2—~ — = " 45 (32)
L g Rem @7 R R? R?
obs = 0 Rovs/) where G is the gravitational constanp is the energy

] ] density, p is the pressure and\ is the so-called
To obtain the energy received by the observer pegosmological constant. A dot here means differentiation
unit time and area, the distand® in the numerator jth respect to cosmic time

in equation (1) must be replaced W(tem)r and the However, equations (31) and (32) yield the following
distance D in the denominator must be replaced byrelation
R(topo)7. 3 3
Hence, we find that the enerdyreceived per time d(oR®) + p/czdi =0, (33)
and area is given by dr dr
X ) ) which is the energy conservation equation. We further
~1 R(tem) R(tem) have
| = —Lo n(tem)
o 4 " LR(fos R(tobs) p = nm, (34)

wherem is the mass of a light source.
V1 —kr? Equation (33) then yields immediatelyhe number
(28)  of light sources within a co-moving shell of matter is
constant if and only if the pressure vanishes
wherer* is the radial coordinate of the most distant light For these models we thus have
source from which we receive light at the observing n[RO] = noR?, (35)

momentzops.
where the suffix 0 denotes values for the observing
moment, i.et.
What really interests us is to compare the energy
6. Change of variables received per area and time and the energy emitted by
the light source per area and time. Hence, we calculate
Equation (28) can be simplified using relation (22).the ratio

x exp[ - ﬂLtZ/rn(t)R(t) dr ] R tem)dr
0

Ny

Remembering that = 0 corresponds t@ = fqps and i
7 = r corresponds tg = tem, the exponential factor f= T a2 (36)
takes the simple form Lo/4ra
. From equations (30) and (35) we now obtain
2 = . . 10 t 3
exp[na c/tws n(t)dt] P (tems, fobs) (29) fo < mex {i Rf’ z_} " 37)
Yo Jir Ro Yo Jiy [RD]®

We further have that = 0 corresponds tQm, = fops and
r = r* corresponds to the timeg* when the radiation
from the most distant light source was emitted.

For the Einstein—de Sitter model which has= 0,
A = 0 andk = 0, the solution for the scale factor

Equation (28) now reads 1S
. R(1) = bt?3, (38)
10 t
l=/ ELO [ R(’)] n(t) exp[nazc/ n({)d{] dr where b is a constant.t* is taken to be the moment
w4 R(10) 1o when the stars started to radiate.
(30) With the substitutiony = (¢/#)3, equation (37)

takes the following form:
where we have writtem,, = ¢t andtgps = fg. 1
Equation (30) is the formula we will use to discuss f= 3ﬂeﬂ/ y4e—ﬁy’3 dy, (39)
the dark night sky. We emphasize that to arrive at e
equation (30) we have assumed that the luminosity of thﬁ/heres = (") 1)
light sources is not changing with time. Furthermore, '

we have assumed that the energy of a light ray inciden}g _cly . d’c _ [mpya’c 40
upon a light source is totally absorbed. = =g e V6G m (40)
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The last equation is obtained using equations (31) anlight source we observe is then infinite, and witk= 0,

(38). we obtain
It is immediately seen that the sky is dark if the stars ) o0 )
started to shine only recently ¢ 1). f=ma nR/ exp[-ra‘nRr]dr = 1. (44)
0

We now take our light sources to be stars and compare
the light received with the energy emitted from theWith an infinite speed of light we are back at the
surface of a star. To simplify the calculations we takeclassical form of Olbers’ paradox.
t* =0. Our conclusion is that what determines how much
The result is quite impressive. With= radius of the light we receive from the light sources in the universe
sun= 7 x 18 m, m = mass of the sur= 2 x 10¥ kg is the following two independent conditions:

and the age of the universg ~ 15 x 10° years, we (1) #* should be close ta, i.e. the stars have been
obtain g ~ 0.39 x 10712, radiating for a short time;
With this value forg, we find (2) the constanp should be small, i.e. the speed of
£ ~0234x 10722 (a1) light must be finite, and the light sources must be small

and contain little energy.
The energy received from all the stars is really extremely
feeble, and there is no wonder that the sky is dark at
night. 8. Steady-state model

The main reason for the dark night sky is the small
energy density in the universgd (~ 0). Moreover, it We now examine the model for our universe which has
should not be said without reservation that the night skyoeen Big Bang cosmology’s most important rival. For
is dark just because the universe is still young [17]. Theéhe steady-state model the solution of the scale faktor
night sky will also be dark when the universe grows veryreads

old (1o — o0). To see this, it is not even necessary to R(t) = €' (45)

take into account that the stars will radiate for the time ’

mc?/ Lo only. where the Hubble ‘constant! is now really a constant.
However, the inverse value of the Hubble constant Inserting into equation (32) we now obtain with= 0

HO‘l = (R/R)o given by the redshift and the distance 8p/c? = —3H2. (46)

of the distant galaxies yields an upper limit for the age )

of our universe. Hence, we conclude that the sky is notlence, the pressure does not vanish, and the number of

dark because we live in an old universe. |Ight sources within a CO'mOVing shell is not a constant.
To examine if the expansion of the universe isEquation (35) is thus not valid for the steady-state

important for the dark night sky phenomenon for themodel. Here we have the main mistake committed

Einstein—de Sitter model, we compare this model within [33] which leaves the discussion of the steady-state

the corresponding static model for which we pit= model in that paper valueless.
constant. Using again the substitution= (¢/10)%/%, we The main motivation of the steady-state model was
obtain the perfect cosmological principle. This principle states

1 that the universe is not only spatially isotropic and
2 =3’ (1— e—ﬂ)—lf y4e—ﬁy’3dy. (42) homogeneous, but the universe at large should be
I(statig 0 unchanging with time. The densityof the light sources
With 8 = 0.39 x 10-*2 this ratio takes the value 0.6. Must then be constant and the age of the universe must
Hence, we conclude that the expansionnist the ~be infinite, i.e.s” = —oo. , .
reason why the sky is dark at night. For a static model § = 0) without absorption, we
Next we examine if absorption is important for the NOW find that the amount of light received is infinite.
dark night sky phenomenon. We suppress absorptio/nen absorption is taken into account, we fific= 1
when P in equation (29) is taken to be unity. This would for the static model. Hence, for the steady-state model,
be the case if the light sources were point sources, i.dh€ expansion of the universe fecessaryto have a

[(expanding

if a vanishes. We now obtain dark night sky. )
I (absorption 1 For an expanding model we find
B et bt depy3 _ . .
I(no absorption 5e‘5/0 ver d. (@43 Fe 1+ with absorption
With our previous value fop this ratio is very close to B without absorption
unity. o where
Hence, we conclude that the absorption is not the a5
reason why the sky is dark at night. B= —. (48)
To examine the importance of a finite speed of light mane

we consider expression (28). With an infinite speed offo have a dark night skyf{ <« 1) for an expanding
light the photons are observed at the very moment thegteady-state model it is thus necessary and sufficient to
are emitted. Hence, we take andn to be constants in have a large value for the parametBr i.e. we must
equation (28). The radial coordinate of the most distanhave small light sources which are far away from one
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another. The speed of light must also be finite, and, ifEquation (22) now yields
addition, the expansion of the universe should not be

T r .
too slow. ¢ / d _ / & _ ¢ (54)
0w R(@) o V1—kr2 HoRo
. For the Einstein—de Sitter model, we find
9. Newtonian model 1
N . _ T = 1. (55)
For these simplified models with Euclidean geometry 8
the universe is considered as an uniformly expandingsing our previous substitution we obtain
sphere of particles (light sources). The observer is at N »
the origin of the sphere, and Hubbles law is valid, i.e. I(horizon fl/z yte P 7dy 31 (56)
vs = HoD, (49) I [Iytemidy 32

whereus is the speed away from the observer of a lightThe Newtonian model is thus in reasonable agreement
source. Accepting Newton'’s corpuscule theory of light,with the Einstein—de Sitter model.

i.e. light particles obey the ordinary classical law of

velocity addition, it is seen that there exists a horizon

in this universe. A photon emitted towards the observetig. conclusion

at the origin from a light source with speed = c,

will never reach the observer. Hence, the observer doggje have given an educational discussion of the dark
not receive energy from the light sources beyond thigight sky phenomenon aimed for an undergraduate level.
horizon. Dropping the obscuration factor, equation (3)starting with the simplest form of Olbers’ paradox,
is integrated from the origin to the horizahy = c/H,  we have later taken both obscuration and expansion

and we obtain (Einstein—de Sitter model) into account. For historical
mwa’nc reasons we have also discussed the steady-state model
f= H (30)  and a Newtonian model. The result of the examination
is as follows.

The reason why the sky is dark at night in this kind
of expanding universe is thus exactly the same as in the
steady-state universe. It should not be said that ‘the dark
night is a result of the expansion of the universe’ [32].
The expansion is again necessary, but not sufficient.

If we take obscuration into account we find from
equation (9)

It is dark at night because:
(1) the speed of light is finite;
(2) the universe is still young, and the stars only
started to shine rather recently;

(3) the light sources in the universe are small;

(4) the light sources in the universe are far apart, so
the energy density in the universe is very small.
f =1-exp(—ma’nc/H). (51) Both obscuration and expansion are quite unimpor-

Consider now a universe which contains enough mattd@nt:

to start a reCO”apse in the far future. At the moment ‘Do not Complain below the stars because of lack of
when the recollapse sets in, the Hubble constant woulright moments in your life. Alas, they are twinkling as
vanish. If the stars are still shining at this moment, thes they wanted to talk to you.’

whole sky would according to equation (51) be as bright 1 wergeland, Norway's greatest poet (1841).

as the surface of the sun. However, this is just a warning

that the horizon argument should not be used for thid-ater he had really grasped their message:

kind of model. Equation (9) should be integrated from
the origin out to a distanc® = ¢t and equation (51)
take the form

f=1-—exp(—mwa®nct). (52) Acknowledgments
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